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Preface

Recent years have seen dramatic progress in shape recognition algorithms applied
to ever-growing image databases. They have been applied to image stitching, stereo
vision, image retrieval, image mosaics, solid object recognition and video and web
shape retrieval. More fundamentally, the ability of humans and animals to detect and
recognize shapes is one of the enigmas of perception. Digital images and computer
vision methods open new ways to address this enigma.

Given a dictionary of digitized shapes and a previously unobserved digital image,
the aim of shape recognition algorithms is to know whether some of the shapes in
the dictionary are present in the image. This book describes a complete method that
starts from a query image and an image database and yields a list of the images in
the database containing the query shapes.

Technically speaking there are two main issues. The first is extracting invariant
shape descriptors from digital images. Indeed, a shape can be seen from various
angles and distances and in various lights. A shape can even be partially occluded
by other shapes and still be identifiable. Because the extraction step is so crucial,
three acknowledged shape descriptors, SIFT (Scale-Invariant Feature Transform),
MSER (Maximally Stable Extremal Regions) and LLD (Level Line Descriptor) will
be introduced.'

The second issue is deciding whether two shape descriptors are identifiable as
the same shape or not. This decision process will derive from a unique paradigm,
called the Helmholtz principle. For each decision a background model is introduced.
Then one decides whether an event of interest (such as the presence of a shape in
the image) has occurred if it has a very low probability of occurring by chance in
the background model. Thus from the statistical viewpoint shape identification goes
back to multiple hypothesis testing.

A shape descriptor is recognized if it is not likely to appear by chance in the back-
ground model. At a higher complexity level, a group of shape descriptors is recog-
nized if its spatial arrangement could not occur just by chance. These two decisions

! In a recent review paper on affine invariant recognition written by a pool of experts, SIFT and
MSER were actually acclaimed as the best shape descriptors [122].
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rely on simple stochastic geometry and eventually compute a false alarm number
for each shape descriptor. The lower this number, the more secure the identification.
In that way most familiar simple shapes or images can be reliably identified. Many
realistic experiments show false alarm rates ranging from 10~° to less than 107390,

All in all these lecture notes prove that many shapes can indeed be identified.
For these shapes one needs no a priori model and no training, just one sample of
the shape and what statisticians call a background model, or a null model. In the
case of shape recognition, the term background is to be taken to the letter. By the
Helmholtz principle a shape is conspicuous if and only if it cannot be generated by
the image background on which it is perceived. The background model is therefore
easily learnt from the image database itself.

The above description should not be taken to suggest that the shape recognition
problem is solved. The methods described only apply to solid shapes and not to
deformable shapes. They only deal with individual shapes and images such as logos
or paintings, and not with wide classes of objects such as all humans, all cats or
all cars. This latter problem is known as categorization and is still widely open to
research.

The authors are indebted to their collaborators for many important comments
and corrections, particularly to Andrés Almansa, Yann Gousseau and Guoshen Yu.
David Mumford and another anonymous referee made valuable comments which
reshaped the book. All experiments were done using the public software MegaWave
(authors: Jacques Froment and Lionel Moisan). The SIFT method is also public and
downloadable.

The present theory was mainly developed at the Centre de Mathématiques et
Leurs Applications, at ENS Cachan, at the Universitat de les Illes Balears and
at IRISA, Rennes. It was partially financed for the past eight years by the Cen-
tre National d’Etudes Spatiales, the Centre National de la Recherche Scientifique,
the Office of Naval research (grant N0O0014-97-1-0839) and the Ministere de la
Recherche (project ISII-RNRT), and the Ministerio de Educacién y Cultura (project
MTM2005-08567). Special thanks to Bernard Rougé and Wen Masters for their
great interest and support. We are indebted to Nick Chriss for numerous stylistic
corrections.

Frédéric Cao

José Luis Lisani
Jean-Michel Morel
Pablo Musé
Frédéric Sur
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Chapter 1
Introduction

1.1 A Single Principle

Digital images became an object of scientific interest in the seventies of the last
century. The emerging science dealing with digital images is called Computer Vi-
sion. Computer Vision aims to give wherever possible a mathematical definition of
visual perception. It can be therefore viewed in the realm of perception theory. Im-
ages are, however, a much more affordable object than percepts. Indeed, digital im-
ages are sampled real or vectorial functions defined on a part of the plane, usually
a rectangle. They are accessible to all kinds of numerical, geometric, and statisti-
cal measurements. In addition, the results of artificial perception algorithms can be
confronted to human perception. This confrontation is both advantageous and dan-
gerous. Experimental results may easily be misinterpreted during visual inspection.
The results look disappointing when matched with our perception. Obvious objects
are often very hard to find in digital images by an algorithm.

In a recent book by Desolneux et al. [54], a general mathematical principle, the
so called Helmholtz principle, was extensively explored as a way to define all visual
percepts (gestalts) as large deviations from randomness. According to the main the-
sis of these authors one can compute detection thresholds deciding whether a given
geometric structure is present or not in each digital image. Several applications of
this principle have been developed by these authors and others for the detection of
alignments [50], boundaries [51, 35], clusters [53, 33], smooth curves and good con-
tinuations [30, 31], vanishing points [2] and robust point matches through epipolar
constraint [128].

These works make extensive use of a computed function, the so called number
of false alarms (NFA) of a perception. The NFA of a perception is the expected
number of times this perception could have arisen just by chance in the background.
An observed configuration in an image can be numerically defined as a perception if
and only if its NFA is smaller than 1. Experimental evidence has confirmed that the
NFA of many human percepts of geometric figures is actually much smaller than 1,

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 1
(© Springer-Verlag Berlin Heidelberg 2008



2 1 Introduction

typically less than 10~" where n ranges from 10 to 100 and more. See [52] and the
textbook [54].

Thus theory and experiments give a mathematical and experimental basis to the
existence of sure percepts. Their existence had been stated for a long time by phe-
nomenology, in particular the Gestalt theory [95], but without quantitative evidence.

The idea that perceptions are objects unlikely to form just by chance in a back-
ground goes back to Helmholtz [83]. This principle could not be tested until images
became digital and therefore accessible to computational experiments. Before the
above-mentioned works, there had been several attempts to define percepts as excep-
tional events. Stewart [168] proposed to detect planes in a cloud of points by what
he called the MINPRAN method. He computed the probability that MINPRAN will
“hallucinate a fit where there is none”. This probability was computed under the a
contrario assumption that the points were randomly distributed. Lowe [112] pro-
posed a detection framework based on the computation of accidental occurrence.

In other words, we can shift our attention from finding properties with high prior expecta-
tions to those that are sufficiently constrained to be detectable among a realistic distribution
of accidentals.][...] Even when we do not know the ultimate interpretation for some grouping
and therefore its particular a priori expectation, we can judge it to be significant based on
the non-accidentalness criteria.

Later Barlow [17] interpreted the perceptual goals of the neocortex as a search for
suspicious coincidences. In the same spirit, Grimson and Huttenlocher [75, 76] pro-
posed to compute shape recognition thresholds from a null model viewed as the
conspiracy of random.

There is a common sense objection to applying the Helmholtz principle to shape
recognition. Watching the sky, one often sees castles, cats and dogs in the clouds.
Humans have a high capacity for hallucinating familiar generic shapes such as faces
in rich visual environments. Thus the Helmholtz principle is not suited for all sorts
of shapes.

The situation is, however, quite different regarding more specific iconic shapes
such as letters, logos and in general solid shapes. One sees faces in the sky, but
certainly not this or that particular face. It is to be expected that any complex enough
solid shape will be recognizable in the Helmholtz sense: no random arrangement
would be able to reproduce it accurately.

The mathematics to prove this are quite simple. Let S and S’ be two shapes ob-
served in two different images and which happen to be similar. Denote their (small)
Hausdorff distance after registration by § = d(S,S’). Assume we know enough of
the background model to compute the probability Pr(S,d) = Pr(d(S,X) < 0)
that some shape in the background, X be as similar to S as S’ is. If this probability
is very small one can deduce that S’ does not look like S just by chance. Then S
and S’ will be identified as the same shape.

Digital images contain thousands of significant shape elements that constitute
their shape contents. (Several kinds of shape elements, or descriptors will be con-
sidered in this book.) Controlling the number of wrong matches involves the com-
putation of the probability of a casual match with the background. This probability
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should be very small. But also the number of tests, which can be huge, must be
under control.

Definition 1. Let 7 and Z’ be two images and N, N’ the number of shape elements
in each. Let S and S’ be two shape elements extracted from I and I’ respectively,
lying at distance 0. We call number of false alarms of the match between S and S’
the number

NFA(S,8') =N - N'-Pr(d(S,X) <9).

If NFA(S,S’) is much smaller than 1, one deduces that S’ could not look like S
just by chance and concludes that S and S’ have the same shape.

There is an important phenomenological consequence: Shapes can be defined with-
out learning, that is without empirical knowledge. By definition a shape is any part
of an image which has been identified (in the sense of low NFA) at least once in
another image.

From an empirical point of view, there are two kinds of shapes. First, any solid
physical object can be photographed under many views and illuminations. If, by us-
ing the above definition, two snapshots of the same physical object happen to contain
recognizable shape elements, one may say that the object itself is identifiable. These
shape elements will constitute the object signature.

Second, humans build all kinds of standardized objects. Likewise, two different
standard objects can be identified if they stem from the same industrial process. This
also applies to the very numerous iconic planar shapes generated by human visual
communication, in particular characters and logos. In the experimental parts of this
book, we shall study the identifiability of several such iconic shapes: the lower the
NFAs they generate at a given Hausdorff distance, the more recognizable they are.

As a consequence of the present study, one can define solid shapes as equivalence
classes of recognized pairs without reference to empirical knowledge or ground
truth. Thus, one should demonstrate the existence of, say, the Coca-Cola logo just
by the fact that a certain group of shape elements appears in several images with very
low NFA for all pairwise comparisons. Experiments will compare several snapshots
of the same painting or poster, various images extracted from the same movie, or
various logos of the same firm. The aim in all cases is to single out and group in
clusters all shape elements common to both images. Conversely, the same method
gives a negative answer when two images have no shape in common. In that case
the NFA is above 1, which means that the shape is likely to occur casually in the
background.

From the mathematical and numerical point of view, the main challenge in the
whole study is the accurate computation of numbers of false alarms (NFA). This
requires the computation of very small probabilities. Small probabilities cannot be
directly measured from a shape database as frequencies. Thus, a probabilistic model
of the set of all possible shapes should be built. Such a realistic experimental back-
ground model should be made of a large and representative set of all kinds of digital
images. Unfortunately, there is no available probabilistic model for a large set of
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images. It is as hopeless as building a global model of the world. Even if such a
model were available, one would still face the challenge of computing accurately
the probability of very rare events in this world model.

Fortunately enough it is possible to overcome or rather to circumvent these two
obstacles. The only information needed is the probability for a background shape
to be very close to a given query shape. By a geometric independence argument,
this probability will be made into a product of much larger probabilities. These
probabilities instead become observable as frequencies in a small image database.

1.2 Shape Invariants and Consequences

1.2.1 Shape Distortions

In order to find the shape invariance classes, it suffices to give a rough typology
of the transformations that affect images but not our recognition of the shapes they
contain. Following Lisani et al. [109], the main classes of perturbations which do
not affect recognition are:

1. Changes in the color and luminance scales (contrast changes). According to
Gestaltists Attneave [13] and Wertheimer [179], shape perception is indepen-
dent of the gray level scale or of measured colors.

The concentration of information in contours is illustrated by the remarkable similar
appearance of objects alike in contour and different otherwise. The “same” triangle,
for example, may be either white on black or green on white. Even more impressive is
the familiar fact that an artist’s sketch, in which lines are substituted for sharp color
gradients, may constitute a readily identifiable representation of a person or thing.
Attneave, 1954.

1 stand at the window and see a house, trees, sky.

Theoretically I might say there were 327 brightnesses and nuances of color. Do I have
“3277 2 No. I have sky, house, and trees. It is impossible to achieve “327” as such. And
yet even though such droll calculation were possible and implied, say, for the house
120, the trees 90, the sky 117 — I should at least have this arrangement and division of
the total, and not, say, 127 and 100 and 100; or 150 and 177. Wertheimer, 1923.

Refer to Fig. 1.1 designed by E. H. Adelson for a striking illustration of illumi-
nation invariance.

2. Occlusions and background modification. Shape recognition can also be per-
formed in spite of occlusion and varying background, as shown in Fig. 1.2.
The phenomenology of occlusion was thoroughly studied by Kanizsa [95] who
argues that occlusion is always present in every day vision: most objects are
partially hidden by others. Human perception must therefore be able to recog-
nize partial shapes. Conversely, if a shape occludes a background, its recog-
nition is invariant to changes in the background. This independence of shape
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Fig. 1.1 Contrast change invariance. In the left hand image, the A and B squares have ex-
actly the same gray level. This incredible fact is easily checked in the right hand image
where A and B are linked by two rectangles with the same gray level. This experi-
ment by E.H. Adelson illustrates the unreliability of brightness perception and the invari-
ance of shape recognition with respect to illumination changes. (Courtesy E.H. Adelson,
http://web.mit.edu/persci/people/adelson/checkershadow_illusion.html)

recognition from its background is known in perception psychology as the
figure-background problem (Rubin [153]). The figure-background problem is
part of the occlusion problem. A shape is superimposed on a background, which
can be made of various objects. How can the shape be singled out from that clut-
ter? This poses a dilemma. Extract the shape and then recognize it or extract it
because it has been recognized?

Fig. 1.2 Left: According to Kanizsa and his school, shapes can be recognized even when they
undergo several occlusions. Our perception is trained to recognize shapes which are only seeable
in part. Here the occluded cross can be easily recovered. Right: the figure-background problem. Our
perception is adapted to recover a figure on the foreground, independently from the background
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3. Classical noise and blur, inherent to any perception task and to any image gen-

erated according to Shannon’s theory.

Geometrical distortions or deformations. Perspective is deeply incorporated
in human perception. Humans can recognize objects and shapes under perspec-
tive distortion as long as perspective is not too strong. Recognition is also in-
variant to elastic deformations, always within some limits.

The previous four invariant properties fix requirements a good image represen-

tation should comply with. It will be necessary to formulate a mathematical model
for each of them and to derive a well adapted image representation.

1.

a. The local contrast invariance requirement. A digital image is usually de-

fined as a function u(z), where u(z) represents the gray level or luminance
at z. The first task is to extract from the image topological information
independent from the varying and unknown contrast change function of
the optical or biological apparatus. One can model such a contrast change
function as any continuous increasing function g from R* to R™. The real
datum corresponding to the observed u could be as well any image g(u).
This simple argument can lead to select the level sets of the image [161] or
its set of level lines as a complete contrast invariant image description [37].
If u is of class say C', then the level lines are the connected components
of u=1(\), which are C* curves for almost every A € R. This is the choice
adopted by the LLD (level line descriptor) and MSER (maximally stable
extremal regions) methods. Another way to handle the contrast invariance
requirement is to encode only the direction of the gradient of w, @—Z‘ and
not the gradient Du itself. Indeed, the direction of gradient is normal to the
level line and is not altered by any increasing contrast change. This is the
way adopted by the SIFT method to cope with contrast changes.

. The concentration of information requirement. Somewhat in contradic-

tion to this contrast invariance principle, the Gestaltist Attneave [13] as-
serted that “Information is concentrated along contours (i.e., regions where
color changes abruptly)”. Indeed not all the level lines are needed to have a
complete shape description. Most of them are due to noise or to tiny illumi-
nation changes. Thus, it makes sense to select only the most contrasted level
lines. That is to say, those along which the gradient of « is large enough.
Such a selection is not invariant to all contrast changes, since it explicitly
uses the gradient value. However, it is still invariant to affine global contrast
changes. Figure 1.3 shows an example of such level lines selection. The se-
lection of the most contrasted level lines will be the subject of Chap. 2. It
will be applied to the LLD and the MSER methods. The SIFT methods ac-
tually weights its gradient orientation histograms by the gradient magnitude
(see Chap. 10).

2. The occlusion and figure-background requirements. Even the best adapted

choice of level lines is not totally suited to describing image parts. Indeed, when
a shape A partially occludes a shape B, the level lines of the resulting image
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Fig. 1.3 Top left: original image, 83,759 level lines. Top right: meaningful boundaries (883 level
lines). Bottom: reconstruction from the meaningful boundaries. Only 883 boundaries remain. The
structure of the image is preserved and perceptual loss is very weak. The LLD and MSER methods
use these boundaries for building up normalized shape descriptors. See Chap. 4

are a concatenation of pieces of the level lines belonging to A and to B. This is
shown with a very simple example in Fig. 1.4. Even if a shape is not occluded,
but simply occludes its own background, there may be no level line surrounding
the whole shape, as shown in Fig. 1.5. These remarks show that whole level lines
are too big and too sensitive to occlusion. In order to overcome this obstacle the
general idea is to build shape recognition on shape elements as local as possible.
The SIFT method takes small image patches. The LLD method splits level lines
into small pieces.

3. The smoothing requirement. It is an easy experiment to check that shapes are
easily recognized in images subject to noise. This means that shape information
is not affected by noise. Noise introduces details which are too fine (in rela-
tion to the essential shape information) to be perceptually relevant in terms of
recognition. Quoting Attneave (ibid., 1954):

It appears, then, that when some portion of the visual field contains a quantity of
information grossly in excess of the observer’s perceptual capacity, he treats those
components of information which do not have redundant representation somewhat as a
statistician treats “error variance”, averaging out particulars and abstracting certain
statistical homogeneities.



8 1 Introduction

Fig. 1.4 Left: oval occluding a cross. Right: the level lines of the resulting image. While the bound-
ary of the oval can be recovered as a full level line, the boundary of the cross concatenates with the
oval boundary. Thus recognition cannot be based on complete level lines, but it can still be based
on pieces of level lines, as made by the LLD method

)=

Fig. 1.5 Left: cross on a background with an oval occluding a rectangle. The cross is wholly in
view. All the same, its shape does not appear as a single level line because of the background. As
in Fig. 1.4, one sees that the level lines must be broken into pieces to get clues of each single shape

Hence, a correct image representation, which does not get lost in textural details
and noise requires a previous smoothing. This fact is illustrated by Fig. 1.6. The
object on the right was obtained by smoothing the one on the left. Both objects
differ in their small details. Nevertheless, most people would recognize a black
disk on both sides. Thus most shape recognition methods perform some sort
of smoothing. The SIFT method applies the heat equation (which is not affine
invariant) and the LLD method uses the affine scale space equation.

4. Geometric invariance requirements. Image representations (a set of mean-
ingful level lines, for instance) have to be invariant to weak projective transfor-
mations. Allowing invariance to any projective transformation does not make
sense, since one cannot recognize shapes under strong perspectives. Besides, it
can be shown that all planar curves within a large class can be mapped arbitrar-
ily close to a circle by projective transformations. This result was reported by
Astrém in [12], where it is also shown that given a finite set of m Jordan curves
C1,...,Cn, one can find a Jordan curve C and m projective transformations
D1, .., Pm, such that p;(C) is arbitrarily close to C;, for all i € {1,...,m}.
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Fig. 1.6 One can immediately see that both objects are disks with approximately the same size. The
second one is obtained from the first by the affine curvature equation [5]. The main ideas behind
such a curvature equation were anticipated by Attneave, who proposed to smooth silhouettes by
blurring and then enhancing the resulting image to get a smooth silhouette: “somewhat as if the
photograph of the object were blurred and then printed on high-contrast paper”

Hence, in general, schemes based on projective normalization of Jordan curves
are not possible. Another argument against general projective invariance is that,
despite some interesting attempts [63], there is no practical way to define a pro-
jective invariant local smoothing. From this viewpoint, affine invariant smooth-
ing is the best compromise [5].

1.3 General Overview

The considerations on identification of Sect. 1.1 should not overshadow the other
aspects of shape modeling discussed in Sect. 1.2. It is a general agreement that four
main tasks must be performed properly on digital images to realize shape identifica-
tion: extraction, encoding, recognition, and grouping. We shall review them in turn
and see how they can be performed in a way matching all invariance requirements.

1.3.1 Extraction of Shape Elements

The first task is to define the shape elements to be compared. Indeed, images are
not compared globally, but detail-to-detail and up to several geometric and photo-
metric perturbations which can alter them drastically. In the huge amount of raw
information contained in a digital image, one therefore has to define the invariant
features which will become shape characteristics. This part of the programme will
be accomplished by carefully translating several psychophysical invariance laws in
mathematical and numerical terms. Following the Gestalt invariance laws proposed
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by Wertheimer, Attneave and Kanizsa [179, 13, 95], Sect. 1.2 has shown that the
shape elements involved in shape recognition must be

1. invariant to contrast changes;

2. independent of the viewpoint, and therefore covariant by a subgroup of the pro-
jective group;

. insensitive to the noise inherent to any image acquisition device;

. robust to partial occlusions, and therefore local enough;

5. robust to sub-sampling, which is nothing but a zoom out.

B W

1.3.1.1 LLD and MSER Descriptors

The invariance and robustness requirements led at least two groups of researchers
to the conclusion that shape elements must be obtained from contrasted enough
pieces of image level lines. Indeed, level lines are contrast invariant, covariant to
any image deformation. The well contrasted level lines are also moderately sensitive
to noise. The MSER method [118] uses the so called Maximally Stable Extremal
Regions whose boundaries are nothing but well contrasted level lines. The LLD
method [109, 139, 140] uses well contrasted pieces of level lines. This makes the
method more insensitive to occlusions and other local shape perturbations. In the
LLD method level lines are adequately smoothed by an affine invariant smoothing
process. Chap. 2 deals with the extraction of LLD (or MSER) and displays many
experiments. The numerical challenge is to extract as few level lines as possible
from an image with no loss in shape contents.

To summarize, LLDs satisfy the requirements 1-4, but not the zoom invariance 5.
We shall see in Sect. 10.2.2.1 how to make them zoom-invariant too. Level line
affine smoothing is only addressed briefly in Sect. 3.3. This section explains why
the robustness to noise and the invariance properties single out the affine curve scale
space as the best multiscale representation of a planar curve.

1.3.1.2 SIFT Descriptors

We shall compare LLD and MSER to SIFT, another popular shape descriptor. SIFT
stands for Scale Invariant Feature Transformation. SIFT descriptors are local image
patches computed by the following steps:

e Simulate by Gaussian convolutions followed by sub-samplings various image
Zoom-outs;

e Extract scale and similarity covariant feature points at all zoom factors;

e Build a contrast invariant code of a local patch around each feature point. The
size of the local patch is proportional to its zoom-out scale.

More details will be given in Chap. 10. It is easy to check that SIFT descriptors
satisfy the requirements 1 and 3-5 of Sect. 1.3.1. As for the second requirement,
SIFT descriptors are clearly similarity covariant but not affine covariant.
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These considerations explain why we actually compared two main methods and
did not bring up just one. There is no method making good all five requirements.
It is not even clear that there will ever be one, because some compromise between
the incompatible five requirements must be met. For instance a full affine invari-
ance increases the size of the shape elements and decreases the locality. Also, affine
transformations do not commute with zoom-ins, because affine transformations do
not commute with convolutions.

In summary the LLD method matches all requirements except one and the SIFT
method matches all requirements except one. Fortunately enough we will see first
that both methods eventually lead to comparable results. In fact, the main identifi-
cation tools developed in this book apply to all mentioned recognition methods, as
demonstrated in Chap. 10 and 11.

1.3.2 Shape Element Encoding

After the extraction of shape elements has been performed the second task in view
is the invariant geometric encoding of the shape elements, be them pieces of level
lines or local patches. For the level lines (MSER and LLD), this is a tricky geometric
computational issue. It is treated in Part II. This part describes procedures to locally
encode the level lines to obtain LLDs, namely Level Lines Descriptors. Such local
encoding must be robust with respect to partial occlusions.

The main step in local encoding is the choice of intrinsic local frames and scales
associated with each shape element. Chap. 3 describes a way to compute stable di-
rections for LLDs. These directions are then used in Chap. 4 to extract similarity or
affine covariant shape elements. The local invariant frames permit to build for each
LLD a normalized affine shape representative which can be directly compared to
other shape codes. Such methods eliminating the effect of a similarity or an affine
transformation are called normalization methods. The geometric normalization of
Chap. 4 will prove much more robust than classical moment normalization meth-
ods. A normalization must also be performed for SIFT patches: choice of dominant
directions in the patch and similarity invariant and contrast invariant encoding of the
patch. This process is described in Chap. 10.

1.3.3 Recognition of Shape Elements

The third task and the main object of these notes is identification. This step is crucial,
and usually the Achilles’ heel of shape recognition methods. Part III is fundamental,
short though it is. It aims to answer the question: Are two given shape elements
meaningfully alike? The probabilistic modeling of the background model for LLDs
is given in Chap. 5. It is tested in Chap. 6. For the SIFT method, a background model
and the computation of NFAs are developed in Chap. 11.
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1.3.4 Grouping

Using at first only local shape elements makes a recognition method robust to par-
tial occlusions. A whole shape is defined as a set of shape elements in a particular
geometric configuration to each other. The construction of these sets is the object
of Part IV. Very interestingly, the problem can be formulated in terms of data point
clustering. Clustering is one of the main techniques of Pattern Recognition. Chap. 7
focuses on the problems of cluster validation and of stopping rules in hierarchical
clustering methods. These rules are applied to the grouping of shape elements in
Chap. 8 for LLD and 11 for SIFT. Chap. 9 discusses many experiments.

1.3.5 Algorithm Synopsis

In Appendix A are gathered some short tutorials on the references used to write
these lectures. Elements of comparison between the methods presented here and
more classical ones are also developed. RANSAC, Hough transform, and geometric
hashing will be considered. The keynotes can be read independently from the main
text.

Since each chapter introduces tools which are all used in the shape recognition
process, it seems useful to give a synopsis of the whole algorithm. Sect. B.1 presents
such a synopsis for LLD, Sect. B.2 does the same for MSER and Sect. B.3 for SIFT.



Chapter 2
Extracting Meaningful Curves from Images

Abstract The set of level lines of an image (isophotes) or topographic map is a com-
plete and contrast invariant representation of an image. Level lines are ordered by
inclusion in a tree structure. These two structure properties make level lines excel-
lent candidates to shape representatives. However, some complexity issues have to
be handled: The number of level lines in eight-bits encoded images of size 512 x 512
is typically 10°. Most of them are very small lines due to noise or micro-texture. So
the stable level lines must be selected, namely the ones that are likely to correspond
to image contours. The starting point is the MSER method, a variant of the Monasse
and Guichard Fast Level Set Transform. The MSER selects a set of level lines which
are local extrema of contrast. This method will be put in the Helmholtz framework,
following the a contrario boundary detection algorithm by Desolneux, Moisan and
Morel [51], [54] and two powerful recent variants. The experiments in this chapter
will show that selecting the most meaningful level lines reduces their number by a
factor 100 without significant shape contents loss.

A method which selects one out of hundred level lines in the image without signifi-
cant information loss is necessarily sophisticated. Sect. 2.1 briefly reviews the level
line tree of a digital image. Sect. 2.2 describes a first way to extract well contrasted
level lines, the MSER method. Sect. 2.3 makes an account of the Desolneux et al.
maximal meaningful boundaries and Sect. 2.4 gives a mathematical justification
which was actually missing in the original theory. Sect. 2.5 is devoted to a multi-
scale extension which avoids missing boundaries because of high noise level and
Sect. 2.6 deals with the so called “blue sky” effect which can lead to over-detections
in textured parts of the image.

2.1 The Level Lines Tree, or Topographic Map

A gray level digital image ug4 is a function defined in a rectangular grid that takes
values in a finite set, typically integer values between 0 and 255. Such a datum must
be interpolated to obtain a grid independent representation. According to Shannon’s

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 15
(© Springer-Verlag Berlin Heidelberg 2008
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theory, this interpolation must be band-limited and is therefore analytical. Simpler
spline interpolation methods can provide interpolates of arbitrary regularity class
C* for any k € N. All of these interpolates yield for k > 1 level lines with a simple
topological structure.

The following theorem makes use of the so-called Jordan curves. Let us give a
definition of this notion, which will come back in the sequel.

Definition 2. A Jordan curve is a simple closed curve, i.e. a closed curve that does
not self-intersect.

Theorem 1. Let u be a C' image in R2. Then, for almost all A\ € R and for all
compact domain K C R?, the set K N d(u~t[\, +00)) is a finite set of C* Jor-
dan curves. These curves called the level lines of u are either closed or meet the
boundary of K at exactly two points.

These facts are easy consequences of the Sard and implicit functions theo-
rems [126]. The topographic map of an image, defined as the set of all of its level
lines, is a complete representation of an image and satisfies two main properties:

e [t is invariant with respect to contrast changes. Indeed, if g is an increasing func-
tion from R to R, then w and g(u) have the same level lines (up to a set of levels
with measure 0).

e Level lines do not meet each other and are organized in a tree structure by inclu-
sion.

Numerically, the continuous image is produced by a bilinear interpolation (or-
der 1 spline) and is therefore not C*. Yet it is easily checked that at almost all
levels the level lines are Jordan curves and piecewise C'. So the above-mentionned
structure properties still hold. Among the possible interpolations, the bilinear in-
terpolation presents two advantages: it is the most local of all continuous spline
interpolations and does not create new extrema in the image. There is no need to
compute the level lines at too many levels. It is in practice enough to take all levels
n—+ % where n goes from 0 to 255. This choice minimizes grid effects, as illustrated
in Fig. 2.1.

Fig. 2.1 Left: level lines from the piecewise bilinear interpolated image. The quantization step for
the gray levels is 10 starting from 0. Some grid effect (pixelization) can be seen. Right: level lines
from the piecewise bilinear interpolated image with a gray level quantization step of 10 starting at
gray level 0.5. These level lines show less pixelization effects
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2.2 Matas et al. Maximally Stable Extremal Regions (MSER)

Prior to the use of level lines, shape analysis was performed in Mathematical Mor-
phology by associating with any image a family of binary images obtained by
thresholding the image at all levels and taking the upper level connected compo-
nents of these binary images. This yields a complete representation of the image by
its so called upper level sets. The (upper) level set of a gray level image u : R? — R
at level A is defined by

xa(u) =A{z € R2, u(z) = A}

An image can be reconstructed from the whole family of its level sets, by the
straightforward formula

u(z) =sup{\ € R, =z € xa(u)}.

The level lines are obtainable by simply taking the boundaries of upper level sets.
The tree structure of the topographic map will be extensively used in the sequel to
build an efficient computational representation of the level lines. The MSER method
is a variant of the above principles for shape extraction, which go back to the sev-
enties. We refer to the bibliographical notes for a detailed genealogy. MSER or
Maximally Stable Extremal Regions are nothing but a selection of the most robust
connected components of upper and lower level sets. This variant was introduced
by J. Matas et al. in [118] in the following terms:

In most images there are regions that can be detected with high repeatability since they
possess some distinguishing, invariant and stable property. We argue that such regions (...)
may serve as the elements to be put into correspondence either in stereo matching or object
recognition.

Extremal regions is the name given by the authors to the connected components of
upper or lower level sets. Maximally stable extremal regions, or MSER, are defined
as maximally contrasted regions in the following way. Let Q1, ..., Q;—1, @, ... be
a sequence of nested extremal regions, i.e. (); C ;1 where ); is defined by
a threshold at level ¢ or, in other terms, (J; is an upper (resp. lower) level set at
level i. An extremal region (Q;, in the list is said to be maximally stable if the area
variation ¢(7) =: |Q;4+1 \ Qi—1|/|Q:| has a local minimum at i(, where |@Q| denotes
the area of a region |@)|. Clearly the above measure is a measure of contrast along
the boundary 9Q; of Q;. Indeed, assuming that v is C'* and that the gray level
increment between i and ¢ + 1 is infinitesimal, the area |Q;4+1 \ ;1| varies least
when |, 00, |Vu| is maximal. It is a straightforward consequence of their definition
that the MSER regions possess the robustness and invariance properties listed in
Chap. 1.2. More precisely:

e Invariance to every affine transformation of image intensities;
e Covariance to all image transformations which preserve area up to a multiplica-
tive constant. This includes affine maps;
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e Stability, since only extremal regions whose support is virtually unchanged over
a range of thresholds are selected;

e Multi-scale detection. Since no smoothing is involved, both very fine and very
large structure are detected.

The third property makes MSER fit to undergo an affine normalization permitting
the quick retrieval of similar deformed shapes across several images. Their affine
normalization is described in Chap. 4.

The rest of this chapter describes more precise contrast based level line detection
methods. Indeed, as is obvious from their definition, MSERs obey a local maximum
contrast requirement which can lead to the detection of unreliable regions. Because
of complexity issues, it is crucial to be able to retain all and only the relevant bound-
aries in each image for further shape matching.

2.3 Meaningful Boundaries

This section addresses the problem of selecting the most contrasted level lines in an
image, as in the psychophysical theory of Attneave [13]. This selection involves at
least two measurements, namely the length of the level line and its contrast. Intu-
itively, short and very contrasted level lines should be retained and less contrasted
and longer ones as well. Short and non-contrasted level lines should be ruled out
as unstable and therefore irrelevant. The correct weighting of length and contrast in
the decision is the main object of the Desolneux et al. [S1] theory. These authors
proposed an a contrario method according to which a level line is a meaningful
boundary if it could not appear in noise. We shall explain this theory in the next
section and improve it in the rest of the chapter.

2.3.1 Contrasted Boundaries

Let u : R? — R be a differentiable gray level image'. Contrast at each point is
computed as the norm of the image gradient. In order to detect level lines of u
with unexpectedly high contrast an a contrario hypothesis must be proposed, under
which the observed contrast on the level line will be unlikely. In the a contrario
model contrast values are random independent identically distributed variables at all
level line samples. The contrast law in this a contrario model is learned from the
image, and approximated by its empirical histogram. So in the a contrario model
the gradient norm follows the law of the positive random variable X defined by

UIf w is a bilinearly interpolated image, then it is Lipschitz continuous and piecewise C. Thus
its gradient is a L°° function, defined everywhere except on the mesh linking the center of pixels,
which is a negligible set.
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_ #Hz e I Dul)] > 4}
#{x € I, |Du(z)| > 0}’

Yu >0, Pr(X >p) 2.1

where the symbol # denotes the cardinality of a set, I the finite sampling grid and
the gradient Du is computed by a finite difference approximation. In the following,
the inverse repartition function is denoted by

H. () = Pr(|Du| > p).

Definition 3 ([51], [54]). Let IN;; be the number of level lines of u. A level line C
with length [ is an e-meaningful boundary if

NFA(C) = Ny H.(min |Du(x)|)? < ¢, (2.2)
xre

This quantity is called the number of false alarms (NFA) of C'.

In (2.2) the number of false alarms or NFA is the product of the number of level
lines by the probability that a random curve I" containing é independent samples
has its contrast larger than min, e |Du(z)| everywhere. If the NFA is too small the
a contrario assumption must be rejected and we get an a contrario detection. Notice
that meaningful boundaries are not invariant with respect to all contrast changes.
Indeed, let g : R — R be a C'* function and v = g(u). Let C be a level line of u
with level A and pt = mingec |Du(x)|. Then C is a level line of v with level g(\).
Since |Dv| = |¢'(u)||Du| the lines change contrast depending on g and can lose or
gain meaningfulness.

An interesting exception occurs with affine contrast changes. If g(s) = as + b, then
|Dv| = |a| - |Du|. Hence, if a # 0, the inverse repartition function of the norm

of |[Dv|is H' (1) = H, (ﬁ) Therefore

H'(min |D =H in |D = H.(min|D

(min | Du(z)]) (lal min |Du(z)]) = He(min [ Du(z)]),

and the number of false alarms of C' in v is the same as in w. This proves the follow-
ing result.

Lemma 1. Meaningful boundaries are invariant to affine contrast changes.

2.3.2 Maximal Boundaries

As Desolneux et al. [51] saw, meaningful boundaries usually appear in parallel
groups because of the blur inherent to well-sampled images. In order to eliminate the
redundancy of contrasted boundaries, these authors use the inclusion tree structure
described in Sect. 2.1. Using the standard terminology of trees (nodes, branches,
leaves), remember that the nodes of the tree are the level lines of the image. The
ordering is defined by inclusion. This means that a Jordan level line C is the parent
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of another one C} if it surrounds it, and there is no other one surrounding C5 and
surrounded by C. The leaves of the tree are the level lines which do not surround
other ones.

Definition 4 ([134]). A monotone section of a tree of level lines is a part of a branch
such that each line has a unique child and where the gray level is monotone (no
contrast reversal).

A maximal monotone section is a monotone section which is not strictly included
in another one.

Definition 5 ([51]). A level line is maximal meaningful if its NFA is minimal in a
maximal monotone section of the level line tree.

Figure 2.2 shows how negligible the information loss is when representing an image
by its maximal meaningful boundaries. They represent roughly one hundredth of all
level lines.

Fig. 2.2 Maximal meaningful boundaries. Top left: original image, 83,759 level lines. Top right:
all meaningful boundaries, 11,505 detections. Bottom: maximal meaningful boundaries; only 883
boundaries remain, almost no detail is lost

Since maximal meaningful boundaries inherit the tree structure of the tree of level
lines, they can be used to reconstruct an image (see Fig. 2.3).
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Fig. 2.3 Left: original image, 99,829 level lines. Right: reconstruction from the 394 maximal
meaningful boundaries. The gray level is constant and equal to the average image gray level in
each connected component of the complementary of these level lines. Notice how the main shape
features are preserved, while textures are removed. This simplification and reconstruction algo-
rithm is obtained from a pruning of the tree of level lines. Salembier and Serra [154] call such
operators connected operators

2.4 A Mathematical Justification of Meaningful Contrasted
Boundaries

In this section Def. 3 is discussed. It will be shown that this definition does not
prevent meaningful level lines from containing parts with low contrast. A simple
cleaning rule will be derived to remove these parts.

2.4.1 Interpretation of the Number of False Alarms

The following classical lemma will be used several times in this book.

Lemma 2. Let X be a real random variable. Let F(z) = Pr(X < ) be the repar-
tition function of X. Then, for all t € (0,1)

Pr(F(X) <t) <t

In the same way, let H(x) = Pr(X > x). Then for all t € [0, 1],
Pr(H(X) <t) <t.

Proof. Let us define the pseudo-inverse

F_l(t) = inf{s, F(s) >t}. 2.3)
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Because of the convention in its definition, [’ is right-continuous. Hence
FoF '(t) >t
Moreover, for all z € R,
F(z)<tex< FL1). (2.4)

Indeed, let us first assume that F'(x) < t. If ¥ > F~(¢), then, since F' is nonde-
creasing, we have F'(x) > FoF~1(t) > t, which is a contradiction. Conversely, let
us assume x < F~1(t). Then, F(z) > t would contradict the definition of F~1(¢).
This proves the equivalence. Hence,

Pr(F(X) <t)=Pr(X < F7'(t)) by(.4)
=Pr(3y, y < F7(t), X <)
= sup F(y)
y<F-1(t)
<t again by (2.4).

The third equality is a basic convergence theorem of measure theory. Note that the
last inequality is not strict, because of the passage to the limit. The second part of
the lemma is proved in the same way by introducing H ~1(t) = sup{s, H(s) > t}.
The proof is left to the reader. O

Let us remark that if F is continuous and increasing, F'~! is really the inverse of F

and the lemma then yields an equality, and means that F'(X) is a uniform variable
in (0, 1).

The A Contrario Model

Let us assume that X is a real random variable described by the inverse repartition
function H (p) = Pr(X > p). Assume that u is a random image such that the values
of |Du]| at each point in the sample grid are independent, and follow the same law
as X. Let now F be a set of random curves (C;) in u such that #E (the cardinality
of E) is independent of each C;. For each ¢, let 1; = mingec, |Du(z)|. Let us
also assume that I; independent points can be chosen on C;. The curves C; can be
thought of as random walks with independent increments but since a finite number
of samples are selected on each curve, the law of the C; does not really matter.
Let us finally assume that L; is independent from the pixels crossed by C;. Such a
random model is called a contrario or background model.

A curve Cj is said to be e-meaningful if

NFA(C;) = #E - H(u)" < e.
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Remark 1. In digital images, the independence of the values of |Du| is sound only
if the points are far enough from each other. In practice, the minimal distance will
be taken equal to 2, since a 2 x 2 finite difference scheme is used to compute the
image gradient.

The following proposition justifies Def. 3.

Proposition 1. The expected number of e-meaningful curves in a random set E of
random curves is smaller than .

Proof. Let us denote by X the binary random variable equal to 1 if C; is meaningful
and to O else. Let also N = #FE. Let us denote by E(X) the expectation of a random
variable X in the a contrario model. Then

() )

It is assumed that N is independent from the curves. Thus, conditionally to N = n,
the law of vazl X is the law of Z;;l Y, where Y] is a binary variable equal to 1
if nH (p;)"* < € and 0 else. By linearity of the expectation,

E (iXiN—n> =E (iy> :zn:]E(Y)

Since Y; is a Bernoulli variable, E(Y;) = Pr(Y; = 1) = Pr(nH (u;)b < ¢) =
Yoo Pr(nH ()% < e|L; = 1) Pr(L; = l). Again, it is assumed that L; is inde-
pendent of the gradient distribution in the image. Thus conditionally to L; = [, the
law of nH (u;) % is the law of nH (11;)". Let us finally denote by (ay, - - - , ;) the I
(independent) random values of | Du| along C;. Then,

Pr (nH(p;)' <¢) =Pr (H( min ay) < (€>1/l>

1<k n

e\t | . . .
max H(oy) <7> since H is nonincreasing
1<k< n

EN

1/1
Pr (H(ak) < (%) ) by independence
1

:\mﬂ“

< — from Lemma 2.

This term does not depend upon /. Thus

L. g S
. i Jpp— J— < — Jp— = —.
S " Pr(nH ()™ < elL; = ) Pr(L; = 1) < - S Pr(L;=1) = -

Hence,
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N
E (ZXZ-N = n> <e.
1=1

This finally implies E (Zfil X,») < ¢, which means exactly that the expected
number of e-meaningful curves is less thane. O

In this proposition, it is not assumed a priori that the C; are level lines of w.
Indeed, in this case it cannot be asserted that the length (number of independent
points) of the curve is independent from the values of the gradient along the curve.

2.4.1.1 Cleaning up Meaningful Boundaries

In the rest of the chapter we will deal with (necessary) improvements of the orig-
inal Desolneux et al. method. Proposition 1 asserts that if a curve is a meaningful
boundary, then it cannot be entirely generated in white noise (up to € false detections
on average). On the other hand, can it be guaranteed that no part of a meaningful
boundary is contained in noise? Or, for a given meaningful boundary, is it possible
to give an upper bound of the size of the part of the boundary that is likely to be
contained in noise (i.e. a non-edge region)? To answer this question, let us introduce
the a posteriori length distribution

pu(l) = Pr(L > l|min | Du(@)| = p), 2.5)
xe

where the image model is a white noise, C' is a level line in this image, and L its
length. Remark that for small values of p, the position of level lines is inaccurate.
Indeed, in a region where |Du| < 1 uniformly, for any two points = and y such
that |u(xz) — u(y)| = 1, then |x — y| > 1: Level lines cannot be too close. Hence,
given a reasonable value of 4 (for instance 1), any small piece of curve with a point
of gradient less than p will be removed from the meaningful level line. The next
question is "how small"? Following the same philosophy as for meaningful level
lines, let us now consider an image v with N;; (quantized) level lines. Let us also
denote by N; the number of all possible sampled subcurves of these level lines.
(If the curves are closed with L; independent points, then N; = vaz”l L?.) Let us
assume that a piece of curve with length [ does not contain any point with gradient
less than p. If [ satisfies N; - p,,(I) < ¢, then we can consider that this piece of curve
cannot be due to chance. On the contrary, if [ does not satisfy this inequality, the
curve is more likely to have been generated by noise. The decision is to remove the
latter curves. More precisely, the algorithm is:

1. Detect meaningful boundaries.

2. Forafixed p > 0, let L(p) = inf{l, N; - p, (1) < e}.

3. For any meaningful boundary, remove every subcurve of length £(u) contain-
ing a point where |Du| < p.
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There is a last problem though: how to compute p,, (1)? This requires the distribu-
tion law of the length of level lines in a noise image. It can be estimated empirically,
for short enough level lines. For instance, in a 500 x 500 image, there are many
level lines with a length less than about 1000, and the distribution is considered as
accurately approximated by the empirical distribution. (See Fig. 2.4.) Then, using
Bayes’ rule,

~ Yons, Pr(mingec |Du(x)| > p|L = k) Pr(L = k)
© >, Pr(mingec |Du(z)| > p|lL = k)Pr(L = k)

pu(l)

By independence of the gradient values along the level lines,

>opey He(pn)" Pr(L = k)
pull) = S5 . : (2.6)
W) = S () Pr(L = h)
st _
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| o ‘ |

7

i I i L i i i L
0 1000 2000 3000 4000 5000 BOGO 7000 8000 8000 10000

Fig. 2.4 Logl0 of the inverse repartition function of length of level lines in a white noise image.
The average length is about 3.5, meaning that most level lines enclose a single pixel

A new parameter, 4, has been introduced. When p gets larger, £(u) decreases,
so that the clean up procedure removes more numerous but smaller pieces of curves.

The choice of x could depend on the application. Detected edges may be used
for different purposes, for instance shape recognition or image matching. If |Du)| is
less than 1, then the position of level lines may be locally inaccurate. Eliminating
pieces of curves with a gradient smaller than ¢ = 1 for all images is therefore not
restrictive in shape recognition applications. Figure 2.5 shows an example of the
clean up procedure.
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Fig. 2.5 Meaningful boundary clean up. Top left: original image. Top right: meaningful boundaries
with local histograms. See Sect. 2.6. Boundaries are found in the sky. They are detected, because
the gradient in the sky is regular due to the smoothly changing illumination. The gradient value is
about 0.2 in the sky, but the curves are so long that they are detected. This does not contradict our
detection principle: such curves are indeed exceptional in noise, since it is very unlikely that the
gradient does not attain an even smaller value on such a long curve. What is actually contradicted
is our assumption that these exceptional curves do correspond to edges, no matter how small the
contrast is. This assumption indeed implies that one is able to distinguish arbitrary gray level
changes. This is perceptually not true. Bottom: result after the clean up procedure with a gradient
threshold equal to 1

2.5 Multiscale Meaningful Boundaries

The contrast measure is an approximation of the gradient by finite differences. More
precisely, Desolneux et al. use the scheme

15 1
o = (i g) = F(uli+ 1,g) + uli+ 1,5 + 1) = (i) = uli,j+1)), @7
ou 1

% ~ (i, ) = é(u(i,j + 1) +u(@+1,j+1) —u(i,j) —ul@+1,7)). (2.8)
Using a 2 x 2 scheme is coherent with the application of Helmholtz principle: points
at distance 2 have independent values of contrast in white noise. On the other hand,
this value is noise sensitive. Smoothing the image before computing the gradient
would partly remove noise but would also introduce local dependencies between
pixels. This would make the a contrario model false in smoothed white noise, and
false detections could be expected. Nevertheless, the a contrario model still ap-
plies if the smoothed image is down-sampled at a lower rate, in conformity with
Shannon’s sampling theory.
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The Multiscale Algorithm

Consider a set of N, dyadic scales {1,2,...,2¥:~1}. For any level line C, let us
denote by C* the curve %, obtained by scaling C' by a factor 27°. Let also H*®
denote the empirical contrast distribution of «*, where »° is obtained by downsam-
pling u by a factor 2% in agreement with Shannon’s theory. (That is to say, down-
sampling follows an adequate smoothing, for instance convolution with a prolate

function [146].)

1. Compute the quantized level lines of .
2. For each level line C with [ independent points in u, compute p*, the minimal
value of | Du®| over all pixels crossed by C*. Let

NFA(C) = N, - N, i H (u®))V?". 2.
(@) no i ) (2.9)

A curve C is an e-meaningful multiscale boundary if NFA(C') < e.

Thus, a curve is meaningful if and only if there exists a scale such that it is Ni
meaningful in the sense of the previous section. Roughly speaking, the N, factor
is the price to pay to have the right to test several different scales. Clearly it only
makes sense to consider a small number of dyadic scales (say 3 or 4, since the side of
usual digital image does not much exceed 2'° pixels). Since the detection depends
on log ¢ [50, 51], considering N%-meaningful boundaries at each scale can eliminate
only a few lines.

The expected number of detections in a white noise image is still under control.

Proposition 2. With the same hypotheses as in Prop. 1, the expected number of ¢-
meaningful multiscale boundaries in a white noise image is less than ¢.

Indeed, downsampled images are still white noise images. Together with the linear-
ity of expectation and the proof of Prop. 1, this yields the result.

Figures 2.6 and 2.7 show the result of the multiscale algorithm on images with
quantization or additive white Gaussian noise. In Fig. 2.6 the shapes are not very
sharp because of motion blur and transparency. Level lines following contours are
very long since they surround several objects. Moreover, the background is nearly
uniform. Thus the minimal contrast value along long level lines is all the more sen-
sitive to the gradient computation. The effect is also dramatic in the noisy image of
Fig. 2.7 (Gaussian noise with standard deviation 30). Note also how the boundaries
of the main objects still coincide with level lines, in spite of the very strong noise.

2.6 Adapting Boundary Detection to Local Contrast

In the a contrario model, the values of the gradient are random variables whose
distribution is empirically estimated by using the histogram of the gradient in the
whole image. The use of this global distribution yields the so-called blue sky effect.
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Fig. 2.6 Influence of quantization noise on meaningful boundaries. Left: the original image is
coarsely quantized and has a very low contrast. This leads to bad gradient estimation and a lot of
missing detections (middle). Right: multiscale detection is less sensitive to quantization noise and
gives correct detections

Fig. 2.7 Multiscale meaningful boundaries and noise. Left: image of Fig. 2.9 with an additive
white Gaussian noise of standard deviation 30. Middle: meaningful boundaries. Since noise domi-
nates the gradient distribution, only six small level lines are detected. Right: multi-scale detection
using four dyadic scales. Textures are not detected, meaning that noisy textures are in this case not
different enough from noise to be detected. On the other hand, main structures remain. This allows
one to empirically check the stability of the topographic map in spite of a significant amount of
noise

Consider an image containing two parts: a contrasted or textured one (e.g. ground)
and a smooth one (e.g. sky), see Fig. 2.9. There is an empirical overdetection in the
ground, and an underdetection in the sky. Indeed, the sky only contributes small val-
ues in the histogram. Thus the algorithm tends to detect any level line which is more
contrasted than the sky. So nearly anything is detected in the ground. Conversely,
the contrasted ground may make the detection more difficult for regions with small
contrast, such as a cloudy sky. This is not coherent with human vision, which locally
adapts perception to contrast.
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This section addresses the local adaptiveness to contrast by modifying the mean-
ingful boundary model. It describes a local detection algorithm which extends the
global one.

2.6.1 Local Contrast

Let us assume that a closed boundary has been detected. It divides the image into two
connected components: the interior and the exterior of the curve. Let us compute the
empirical contrast distribution in each component. Meaningful boundaries are then
detected, independently in each connected component. This procedure can now be
recursively applied. Since the tree of level lines of a quantized image has a finite
depth, it is clear that the detection procedure stops after a finite number of steps.

Two problems make things slightly more delicate. First, the order that is used to
describe the image boundaries may have an influence. The obvious solution is to
treat first the most meaningful boundary at each step.

A second problem is purely computational and involves open boundaries, that
is the ones whose endpoints belong to the image border. They still cut the image
into two connected components, that should be processed in the same way since
there is no clear notion of interior and exterior. However, in order to make the tree
structure unique, exactly one of these components is considered to be the interior
one. Open boundaries are then closed following the shortest path along the border of
the image. This choice is only an algorithmic one, and is arbitrary from a perceptual
point of view [134]. To circumvent this lack of symmetry between both connected
components, the detection is first applied to open boundaries until no new open
boundaries are detected. The procedure is then applied to closed boundaries.

2.6.1.1 Local Algorithm

Let us call Ry the root boundary, that is the (non-meaningful) boundary containing
all the image. If C' is a boundary, its interior is denoted by Int C'. For an illustration
of the next algorithm, we refer to Fig. 2.8.

1. Set R +— Ry. (Local root).

2. Set M, the set of already stored in R meaningful boundaries. Initially, M is

empty.

Let R + R\ Ucenm Int C.

Compute the histogram of | Du| in R’.

5. Use this histogram and detect the maximal meaningful boundaries included
in R’. Let us call total maximal boundaries, the meaningful boundaries C
satisfying

Rl
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(2.10)
Int (C) C Int (C") = NFA(C) < NFA(C).

{Int (C') C Int (C) = NFA(C) < NFA(C")
The set of total maximal boundaries is denoted by A/. In other words, the
boundaries in N have an optimal NFA, since they are more meaningful than
boundaries which contain them or in which they are contained. This assumption
is stronger than the maximality defined in Sect. 2.3.2 since the NFA comparison
is not restricted to monotone sections. The subtree with root equal to R that
remains by keeping only the boundaries in A/ has only two levels: the local
root R, and V. Since the interior of open boundaries is arbitrary, the detection
of open and closed boundaries are not mixed. In practice, this means that if
an open meaningful boundary C' is detected, the definition of total maximal
boundary (2.10) is only applied to open boundaries containing C' or contained
in C.
6. If N # (), then new boundaries have been detected in the complementary of the
already detected ones. Then,

a. Set M = M U N. By construction, all the closed boundaries in M have
disjoint interiors.
b. return to step 3.

7. If N' = (), there are no new boundaries in the local root and in the complemen-
tary of the currently detected boundaries. The search is then resumed at lower
levels of the tree as follows. For any boundary C' € M,

a. Store C.
b. Set R — C, and M « {).
c. Return to step 3.

Remark 2. Each boundary may be tested more than once. Thus, the number of false
alarms has to be multiplied by the maximal number of boundary visits, which is
bounded from above by the depth of the level lines tree. In fact, each detected bound-
ary often lies in the middle of the local root, and this divides the tree depth by 2.
Thus the maximal number of boundary visits is of the order of the logarithm of the
initial tree depth. In practice, it never exceeds 100.

2.6.2 Experiments on Locally Contrasted Boundaries

Figure 2.9 shows the difference between the detection with a global contrast his-
togram and the updated local histogram. To give an idea of the magnitude of the
number of false alarms, the boundary separating sky and foreground has NFA
107357, This means that such contrasted lines are expected to occur less than once
in 1057 level lines taken from white noise images. The smaller boundaries around
the opening on the top of the tower have 10~ '° NFA.
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Fig. 2.8 Illustrates the local meaningful boundary algorithm. (a) the initial boundaries. They are
oriented so that the tangent and the inner normal form a direct frame. The NFA of each boundary
is computed. There are three total maximal boundaries (in solid line); two are open, one is closed.
While some open curves are detected, the closed ones are skipped. (b) Compute the contrast his-
togram in the complementary set of the interior of the open detected boundaries and resume the
search in this part of the image, which is the region R’. The closed boundary is total maximal
meaningful again. However, no new open boundaries are detected. Thus, this closed boundary is
kept. (c) The search is resumed (with recomputed histogram) in the exterior (white part) of the
detected boundaries, until new ones can no longer be found, which is the case on the figure. When
this is over, compute the local contrast histogram in each region R, Rz, R3 and look for bound-
aries inside them. (d) A (closed) total maximal boundary R4 has been detected in R;. Compute the
local histogram in R\ R4 and detect boundaries. (e) Finally, scan for boundaries in R4 with new
local contrast histogram. Since nothing is detected, the output is the boundaries of R;, R2, R3 and
Ry

Fig. 2.9 Influence of local contrast. From left to right: original image, maximal meaningful bound-
aries, local maximal meaningful boundaries. There are 280,000 boundaries in the initial image (for
a gray level quantization step of 1), 652 in the second one and 193 in the last one. Texture is re-
moved since local contrast (for instance) on the church tower is much more demanding than the
global histogram. As the texture is uniform, no level line is a large deviation to the empirical local
contrast, yielding no detection. This is very good for shape analysis where it is often desirable to
distinguish texture from real shapes
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The effect of local contrast in boundaries detection is twofold.

1. Textures are eliminated.
2. Local contrast makes curves in low contrasted areas more detectable.

This was expected since, in textured regions (as on the tower), the local contrast
values are larger than in the rest of the image. Thus, this increases the NFA of
boundaries; most of them simply disappear in textured regions. This is a masking
phenomenon in the Gestalt terminology [95].

On the other hand, some lines are detected due to the illumination gradient (see
Fig. 2.5). They can be due to the vicinity of the light source or to the variation of
the orientation of the surface of a three dimensional object with respect to the light
source. Such lines do not correspond to silhouettes of physical objects. Nevertheless,
it is reasonable to detect them as remarkable structures.

What is the impact of the preceding study regarding shape recognition? It is well
known that texture is much damaged by compression. Thus, the precise geometry
of level lines in texture may depend very much on the image source (quality, com-
pression rate, etc). Moreover, they are very complex, and will yield many encoded
pieces of curves when the procedure of Chap. 4 is applied. The shape content of a
texture is therefore both huge in quantity and unreliable. The computational cost to
handle it may therefore be too high for some applications. Thus it may be useful to
automatically remove contrasted regions corresponding to texture.

The argument above is reversed for stereo image registration or motion estimation.
In this case, it is a priori known that the images under comparison are nearly the
same image. The goal is to register them extensively. In this application, textures
generate many level lines which can be tracked and should not be eliminated.

2.7 Bibliographic Notes

The presentation of this chapter follows [35], which improved the boundary detec-
tion method proposed in [51]. The next paragraphs give some genealogy for edge
detection, level lines, level sets, and the topographic map.

2.7.1 Edge Detection

It is a well known fact that shape information in images is concentrated along
regions where color or gray level changes abruptly [13, 116]. Since Marr and
Hildreth’s seminal work on edge detection [117], the effort on extracting shape in-
formation from images has been mainly concentrated on local methods. Among
these methods, which are commonly referred as edge detectors, Canny [27] and
Canny-Deriche [47] filters are certainly the most widely used.
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Classical edge detectors have two problems. The first is that they depend on (at
least) two parameters, the threshold on the contrast and the degree of smoothing.
Both are hard to estimate and are usually fixed manually. The second problem with
these methods is that they detect points rather than structures. The edge points have
to be connected by chaining algorithms which involve further parameters.

2.7.2 Meaningful Boundaries vs. Haralick’s Detector

Following Haralick [79], edges are the maxima of the gradient norm in the direction
of the gradient, such that the gradient is larger than a given threshold. Thus, for a
gray level image u, they are the zero-crossings of D?u(Du, Du). Since this quantity
is numerically sensitive to noise, a multiscale strategy a la Marr is applied. In prac-
tice, w is first convolved with a Gaussian with standard deviation o. Let us denote by
g, this Gaussian and set u, = g, * u. Edge pixels are defined such that | Du,| > p
and D?u,(Du,, Du,) has a different sign for neighboring pixels. There have been
some attempts to automatically determine the scale parameter o [105], but edge de-
tection widely remains multiscale as predicted by Marr [116]. In practice, it is quite
difficult to track edges back to small scales. The multiscale meaningful boundaries
detection of Sect. 2.5 allows for the consideration of various scales while keeping
detection thresholds completely automatic. Moreover, the number of scales has a
logarithmic influence.

A second problem is that Haralick’s detector provides us with a set of points
or curves containing only a few pixels. The way they should be connected is far
from obvious. It may lead to a very high computational complexity and depends
on several sensitive parameters. Level lines are Jordan curves, and do not have this
problem.

Last but not least, Haralick’s operator is inefficient for corners and junctions. In-
deed, at those points, the gradient direction is very badly estimated and edges may
be severely cut. Additional algorithms are necessary to reconnect pieces of edges
as opposed to level lines nicely bifurcating at T-junctions and giving the differ-
ent boundaries. (See Sect. 2.1.) Figure 2.10 shows the meaningful boundaries and
Canny’s filter (which is an optimized version of Haralick’s method) near two junc-
tions. Edges detected in that way often are very short and require additional and
somewhat unreliable linking procedures. The behavior of the level lines around the
T-junctions is quite clear. When extracting shape elements by local encoding, all the
different configurations near the junctions will be considered. Clearly, meaningful
level lines provide a set of curves which is more reliable and directly usable at the
expense of a more heavy computational cost (a few seconds for a typical 512 x 512
images, half the time being dedicated to the computation of the level lines tree and
half to the selection of meaningful boundaries).
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Fig. 2.10 Junction and level lines. Left: original image. Middle: Haralick’s detector implemented
with Canny’s filter. Note how contours are broken near the junctions. Right: detailed view of mean-

ingful boundaries on the region. Compare the accuracy of level lines on the plate with the detected
edges at the same place

2.7.3 Level Lines and Shapes

Following [109], Chap. 1 asserted that the set of level lines of a digital image was
a natural representation of its shape content. Indeed, it provides a geometric infor-
mation invariant to contrast changes. Moreover, no chaining procedure is needed
since level lines are already curves. This chapter presented briefly the bilinear level
line tree proposed by Lisani ef al. [110]. For a detailed account, see the book [54].
Whereas edge detectors usually fail near T-junctions (and additional treatments are
necessary), there are several level lines at a junction (see Fig. 2.11 and [36]).

o TN

\ |
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Fig. 2.11 Level lines and T-junctions. Depending on the gray level configuration between objects
and background, level lines may follow or not (as on the figure) the objects boundaries. In any
case, junctions appear where two level lines separate. Here, there are two kinds of level lines: those
surrounding the occluded circle and those following the boundary of the union of the circle and the
square. These level lines are included in each other and do not meet but are usually very close and
not distinguishable along contrasted contours



2.7 Bibliographic Notes 35

2.7.4 Tree of Shapes, FLST, and MSER

Prior to the use of level lines, shape analysis was performed in Mathematical Mor-
phology by associating with any image a family of binary images obtained by
thresholding at all levels. This yields a complete representation of the image by
its upper level sets [119, 161]. The tree structure of the topographic map has been
extensively used to build an efficient computational representation of the level lines.
See the Monasse et al. [135, 15, 110] algorithms. An efficient region growing al-
gorithm, the Fast Level Set Transform allows one to compute the tree of level lines
for digital images (constant in each pixel) or bilinearly interpolated images [110].
The idea of considering the level lines of the bilinear interpolated image was also
independently proposed in the so-called Digital Morse Theory [43].

MSER stands for “maximally stable extremal regions”, which are a subset of
the “extremal regions” of the image. What the authors of [118] define as extremal
regions are the connected components of the level sets of the image (which we
call “shapes”) earlier proposed by Monasse for contrast invariant image registration
in [133, 134, 136]. Monasse and Guichard’s shape extraction algorithm [135] is very
similar to the MSER extraction. The extracted shapes are organized in a tree struc-
ture, the above-mentioned FLST. Since the set of “shapes” of an image is very big
(tens of thousands of shapes can be typically found in an image of size 512 x 512),
some selection strategy needs to be defined in order to pick the “most important”
shapes. Monasse and Guichard proposed to pick the shapes with highest contrast in
the shape tree, which is almost the same definition as the one given in [118]. The re-
cent paper [56] proposed an efficient MSER algorithm for real time object tracking
in video and in [138] and [166, 167] fast tree computations alternatives and variants
to the FLST have also been proposed. In [51] an a contrario technique is used to
select shapes in the level lines tree having contrasted enough boundaries. Variations
of this technique are [110] and [35]. The presentation in this chapter followed the
last and more sophisticated [35], which subsumes all preceding ones.

2.7.5 Extracting Shapes from Images

The extraction of shape elements is seldom addressed in the context of shape
recognition. Most works on shape recognition assume that shapes are already
extracted [68, 129, 151]. In Mokhtarian’s approach [129, 130, 131], shapes are
extracted by simply thresholding dark objects over a bright background. Their
boundaries are level lines. Rothwell proposed a whole recognition system of flat ob-
jects on uniform background [151]. The shapes he treats are simply Jordan curves
bounding objects. Rothwell’s method builds the object boundaries by extracting
edges using Canny’s edge detector [28]. Canny’s filter performs well in Rothwell’s
framework where objects are well-contrasted over a uniform background. In gen-
eral, this filter is not very efficient (see 2.7.2) but in this particular easier case, one
simply gets back level lines again!



Chapter 3
Robust Shape Directions

Abstract This chapter deals with shape affine normalization. This method associates
with all shapes deduced from each other by an affine distortion a single normalized
shape. A crucial ingredient for normalization is the computation of a small affine
covariant set of robust straight lines associated with a shape. The set of all tangent
lines to a shape has this covariance property, but it is too large. A very successful
idea is to use bitangent lines, that is, lines tangent to a shape at two different points.
If the shape has a finite number of inflexion points it also has a finite number of
bitangent lines. In Sect. 3.3 a well-established curve affine invariant smoothing al-
gorithm will be briefly described. This smoothing permits a drastic reduction of the
number of bitangent lines. Yet, not all shapes can be encoded by using bitangents.
Convex shapes have no bitangents and simple shapes have only a few. This explains
why shape recognition algorithms compute other robust straight lines associated
with the shape. Flat parts of curves are informally defined as intervals of the curve
along which the direction of the tangent line does not vary too much. For instance,
large enough polygons show as many reliable flat parts as sides. This chapter will
present a simple parameterless definition of flat parts, based again on the Helmholtz
principle.

3.1 Flat Parts of Level Lines

Flatness of a part of curve will be measured by comparing its direction at each point
with the direction of the underlying chord (see Fig. 3.1).

Although flatness may look like a rather intuitive geometric concept, it is in fact
quite complex. Our aim is to define a unique measurement, the flatness for very
diverse phenomena: A long very oscillating curve may look flat seen at a distance.
In another way, a short and very smooth curve can look locally very flat. One can
therefore figure out that at least two parameters are involved in a flatness measure-
ment. One measures the length of the flat part and the other gives the amplitude of
the oscillations. Thus, the flatness definition problem can be viewed as the question

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 41
(© Springer-Verlag Berlin Heidelberg 2008
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Fig. 3.1 A piece of discrete curve with the underlying chord C (thick segment line)

of reducing two parameters to a more abstract one, the flatness. The detection of flat
parts of a curve should meet the following requirements:

e [t should not detect just points around which the curve is flat, but the precise
straight intervals on the curve.

e Long flat parts should be allowed to move farther from their underlying chord
than short ones.

e The detection should be intrinsic to the curve, and not depend on other curves in
the image.

e Detected flat parts should not overlap.
Since detecting flat parts is generally the first step of a recognition algorithm, it
deals with a huge amount of information. Therefore, computational complexity
should be low.

3.1.1 Flat Parts Detection Algorithm

Consider a chord from a given curve C: its endpoints delimitate a piece of curve of
length [ (measured in pixels). Since one would like to measure how much the piece
turns with respect to the direction u given by the chord, let us define

“= z‘e{g.l.éf—l} {)angle(C(Si)C(SiH), 7)‘} 7

where the discrete piece of curve is made of the n consecutive points C'(s;).

Suppose that « is below some fixed threshold a*. Following the discussion on
independence in Sect. 2.5, consider that points at a geodesic distance (along the
curve) larger than 2 are statistically independent. Thus, there are [/2 statistically
independent segments of the type (C(s;), C(s;+1)) along a curve with length . The
probability of the event that [/2 statistically independent points on a piece of curve
show a tangent line which makes an angle lower than o among all the pieces of
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curve for which o < a* is given by:

pla,l) = ( e )l/z-

a*
Of course, the lower p(«, 1) the flatter the piece of curve.

This straightforward computation is valid under the assumption that among all
the pieces of curves such that « < «*, « is uniformly distributed over [0, o*], and
that the tangents are independent at Nyquist distance 2. Flat parts are now defined
as rare events with regard to this a contrario model.

For each piece of the curve for which o« < «*, the probability p(«, ) is com-
puted. Only pieces such that p(«, 1) is under a predetermined threshold p* are kept
(these parts are called candidates). Such pieces can of course overlap. So some of
them must be selected to be the flat parts of the curves. A greedy algorithm will be
used: the piece of curve with the lowest p is marked as a flat part, then all candi-
dates that share a common part with this best flat part are eliminated. The process is
iterated with the remaining candidates.

3.1.2 Reduction to a Parameterless Method

The computation of « clearly depends on the discretization. The curves which the
proposed algorithm deals with are level lines of images. Their natural discretization
is the pixel.

The whole algorithm involves two thresholds. The first one, a*, is not critical. In-
deed, since one is interested in detecting flat parts, it is natural to a priori reject
all pieces of curve where « is above a large threshold. We set a* = 1 radian once
for all, which is not a strong constraint. More specifically, a change of a* multi-
plies all probabilities p(c, 1) by a constant factor. Thus, the flatness measurement
is just scaled and the ordering maintained. Moreover, changing a* also multiplies
the threshold p* by the same constant. Thus, there are not two parameters here, but
just one, namely p*. This last parameter will be eliminated by Helmholtz principle.
It can be fixed in such a way that almost no flat part occurs in the level curves of a
white noise.

Experimental evidence shows that p* = 10~ is the maximum value for which only
a few detections (on average one) occur on level lines extracted from a white noise
image containing the same amount of level lines as a standard natural image. So
with this value for p* the proposed algorithm satisfies the Helmholtz principle in
that there is almost no detection of flat parts in a white noise image.
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3.1.3 The Algorithm

Consider a Jordan curve on which flat parts are searched for.
Part I: Candidate identification.

For each chord of the curve with length 10, 20, 30, ..., 180, 200, and then an
exponential progression':

1. Compute the maximum angle o between the chord and the piece of curve de-
limited by both ends of the chord. If n denotes the number of independent
points C'(s;) on this piece of discrete curve:

angle(C(s;)C(si11), w)

o = max
ie{l..n—1}

{ }

2. If a > 1 rad, a priori reject the piece; else compute p(a, 1) = (2 )Z/Q = al/?
where [ is the length of the considered piece of curve.

3. If p(a, 1) > p* = 1073, reject the piece.

s

Part II: Greedy algorithm

1. Keep the candidate for which a!/? is minimal, mark it as flar part, and discard
it from the list of candidates.

2. Reject all candidates that meet this best candidate.

3. Iterate until no candidate is available anymore.

3.1.4 Some Properties of the Detected Flat Parts

The condition defining the candidates (a/? < p*) is not a real constraint for long

curves. For example, if p* = 1073 and [ = 200, all curve parts such that o < 0.97
are accepted as candidates. Nevertheless, long pieces of curves often show subparts
with a lower probability and a greedy algorithm will therefore prefer them. In the
case of circles, however, this does not occur. Let us compute the arcs of circle which
will be marked as flat parts. Figure 3.2 illustrates the following computations.

Proposition 3. A circle of radius R has flat parts if and only if R > —elog(p*).
In such a case, the length of the detected flat parts is L = 2R sin(1/e).

! There is a complexity issue here. All chords are not tested, but only a subsample of them so
that the algorithm does not waste too much time for long curves. The only consequence of this
discretization procedure is that long straight lines (in practice, lines whose length is larger than
100 pixels) can be split into two pieces (see Fig. 3.14 for an example). This is not an important
drawback since the goal is to use flat parts as robust directions.
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2R

Fig. 3.2 Illustration of the flat parts computation on a circle

Proof. A circle of radius R being given, let us consider a chord of length L defining
a maximum angle « with the corresponding piece of curve (0 < « < m/2). The
values of « and L are related by L = 2Rsin(«). The probability defined ear-
lier is p(a, L) = af* (expressed as a function of L, it writes down p(a, L) =
arcsin(L/2R)ftaresin(L/2R)) The function v + of*® attains a minimum for the
value o = 1/e. Consequently, V o, af*® > e~ F/e,

Thus, if the probability threshold is set to p*, and if R < —elog(p*), then the
circles of length R will show no flat part. On the contrary, if R > —elog(p*), the
detected flat parts (after the greedy step) in circles of radius R will always show a
maximum angle o = 1/e (that is to say 21 degrees, corresponding to an arc of 1/9
of the total circle), and their length will be L = 2Rsin(1/e). O

Notice that p* only controls the minimum radius under which no flat part will
be detected: —e log(p*). It appears only through its logarithm and small variations
of it will not influence the final result. Although for symmetry reasons no piece of
circle should be favored by the algorithm, the position of the detected flat parts over
a circle strongly depends on the starting point of the discrete curve describing this
circle. This makes flat parts of circular curves unreliable in position. However, this
will not hinder the recognition of circles, as a a circle matches well with itself, up to
any rotation.

3.2 Experiments

3.2.1 Experimental Validation of the Flat Part Algorithm

Experimental results are shown in Figs. 3.4 to 3.9 (original images can be seen on
Fig. 3.3). For each image, the computation time is less than 10 seconds, for a 2GHz
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Fig. 3.3 Left column: original images. Right column: meaningful level lines detected with the
method described in Chap. 2 (right). Top: Bretagne, 413 level lines. Middle: Evian, 481 level lines.
Bottom: Vasarely, 172 level lines
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standard PC. When images do not show long level lines, the computation time is
less than a second.
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Fig. 3.4 Flat parts detection: Bretagne. 1004 detections. Flat parts as small as the ones in the
letters of the name of the street are detected (about 10 pixels high). Flat parts in the boundaries of
the shadows can be eliminated by dropping the probability threshold, as can be seen on Fig. 3.5.
Nevertheless these detections actually correspond to small flat parts

3.2.2 Flat Parts Correspond to Salient Features

Figures 3.10 and 3.11 show the result of the proposed flat parts detector over all level
lines in an image. By all, we mean that all level lines at all levels with quantization
step equal to 1 have been extracted. This allows for an exact reconstruction of the
original image from the level lines and their corresponding gray levels [135]. Some
segments are detected over level lines corresponding to quantization noise (i.e. not
contrasted level lines over perceptually uniform areas), but these segments actually
correspond to small pieces of straight lines. They are no longer detected when the
probability threshold p* is set to 10719 instead of the standard value (10~2). Flat
parts are concentrated along edges. This experiment confirms that segment lines are
actually salient image features.

Comparing Fig. 3.3 to Figs. 3.4 to 3.7 shows that almost all detected flat parts
belong to maximal meaningful boundaries.
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Fig. 3.5 Flat parts detection: Bretagne, with p* = 10710, 417 detections. Letters are too small to
be detected but the remaining flat parts are very accurate
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Fig. 3.6 Flat parts detection: Evian. 448 detections
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Fig. 3.7 Flat parts detection: Evian, with p* = 10710, 64 detections

In his PhD thesis, Lisani [108] used a flat points detector to build robust semi-
local normalization. Figures 3.12 to 3.15 show a comparison between the flat parts
proposed in this chapter and flat points in the sense of Lisani. See captions for
details.

3.3 Curve Smoothing and the Reduction of the Number
of Bitangent Lines

Level lines may be subject to noise, and can have details that are too fine in rela-
tion to the essential shape information. Hence, a good shape representation requires
a previous smoothing. Is this smoothing necessary? Quite, from the technological
viewpoint, as otherwise there would be too many bitangent lines to level lines and
therefore too many geometric codes to a level line. The general framework by which
an image or a shape is smoothed at several scales in order to eliminate spurious or
textural details and extract its main features is called Scale Space. The main devel-
opments of Scale Space theory in the past ten years involve invariance arguments.
Indeed, a scale space will be useful for shape recognition only if it is invariant. Let
us summarize a series of arguments given in [5]. A scale space computing contrast
invariant information must in fact deal directly with the image level lines; in order
to be local (not dependent upon occlusions), it must be in fact a partial differential
equation (PDE). In order to be a smoothing, this PDE must be parabolic. The affine
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Fig. 3.8 Flat parts detection: Vasarely, 774 detections. Each triangle side is correctly detected as a
single flat part
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Fig. 3.9 Flat parts detection: Serena Williams & Puma (original image shown in Fig. 2.6). Left:
Original level lines (425 lines). Middle: p* = 1073 (675 detections). Right: p* = 10710 (156
detections). Flat parts on letters are correctly extracted
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Fig. 3.10 Flat parts detection. (a) original image (size: 512 x 384); (b) 25,755 level lines (quantiza-
tion step: 1 gray level). They cover the whole image. (c) 20,065 flat parts detected over these level
lines (probability threshold p* has here its standard value: 10~3); (d) flat parts of length larger than
100 pixels among the previous ones; () 6,233 flat parts detected over these level lines, when the
probability threshold p* is set to 10~19; (f) flat parts of length larger than 100 pixels among the
previous ones. Flat parts appear to be concentrated along edges in thick bundles
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Fig. 3.11 Flat parts detection. (a) 90,078 level lines from Evian image (quantization step: 1 gray
level); (b) flat parts detections over these level lines (16,533 detections); (c) flat parts detection with
p* = 1070 (4,659 detections); and (d) flat parts detection with p* = 10710 (2,041 detections).
Flat parts are concentrated along edges
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Fig. 3.12 Lisani’s flat points: Serena Williams & Puma. Only 15 flat points (in black) are detected.
To be compared to the results in Fig. 3.9

invariance requirement and the invariance with respect to reverse contrast lead to a
single PDE [5]. This PDE, characterizing the unique contrast, contrast reversal and
special affine invariant scale space is

{% = |Dul(curvu)'/3, 3.1

u(z,t) = ug(x).

It is called Affine Morphological Scale-Space (AMSS). Here u(t,0) = ug is the
initial image, u(t, z) is the image smoothed at scale ¢ and curv(u)(z) = div(lg—Z)
denotes the signed curvature of the level line passing by x. This equation is equiva-
lent to the affine curve shortening [155] of all of the level lines of the image, given
by the equation
oz
ot

where 2 denotes a point of a level line, Curv(x) its curvature and n the signed
normal to the curve, always pointing towards the concavity.

Moisan [127] found a fast algorithm for this curvature motion. For more details on
this scheme, refer to [127, 99] and to the book [29]. The invariants mentioned mean
that the evolution of a shape does not depend upon any affine distortion of the plane.
This corresponds to an invariance to all orthographic projections of a planar shape.

= |Curv(x)] 3n, (3.2)
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Fig. 3.13 Flat points vs flat parts: Serena Williams & Puma. From left to right and from top to
bottom: considered level line, flat points (7 detections), flat parts with p* = 1072 (9 detections),
flat parts with p* = 1010 (7 detections). One of the flat parts in the legs of the character M is not
detected since these curve pieces are too small and pose a sampling problem. Since not all chords
are tested but a subset of them, endpoints may sometimes be not conveniently distributed

Figure 3.16 shows that a slight smoothing by the affine scale space eliminates the
sampling effects of a digital image and reduces drastically the number of inflexion
points of a shape without altering its overall aspect. Numerically, the smoothing is
slight and stops at the scale ¢ = 0.5 at which a circle with radius 0.5 collapses. So
the smoothing roughly eliminates details of 1 pixel size.

3.4 Bibliographic Notes

3.4.1 Detecting Flat Parts in Curves

In their seminal paper [65], Fischler and Bowles argue that any curve partition-
ing technique must satisfy two general principles: stability of the description, and
a complete and concise explanation. Smooth sections of curves play a major role
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Fig. 3.14 Flat points vs flat parts: character V in Evian. Top: no smoothing. From left to right:
original level line, flat parts with p* = 10~3 (4 detections) and with p* = 1010 (3 detections).
The flat points algorithm does not provide any detection. Bottom: after smoothing. From left to
right: original level line, flat parts with p* = 10~3 (5 detections) and flat parts with p* = 10— 10
(4 detections). With p* = 1073, one of the segments is split because of the discretization procedure
in the multi-scale test of chords. Again here the Lisani flat points algorithm misses the segments

Fig. 3.15 Flat points vs flat parts: a triangle in Vasarely. Top: no smoothing. From left to right:
original level line, flat parts with p* = 102 (3 detections) and flat parts with p* = 1010
(3 detections), and flat points (4 detections). Bottom: after smoothing (see Sect. 3.3). From left to
right: original level line, flat parts with p* = 1073 (5 detections) and flat parts with p* = 1010
(2 detections), and flat points (1 detection)

because they fit both principles. For instance, Guy and Medioni [78] consider seg-
ment lines as salient features in images. Flat part multiscale detection has been
used for the more general problem of polygonal approximation of digitized curves
(see [164]).

Segment or straight line detection is one of the cornerstones of computer vision. In-
deed, it is often a preprocessing step of shape recognition, shape tracking [48],
vanishing point detection [2], convex shape detection [92], efc. Most of the time,
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Fig. 3.16 Some level lines of a gray level image. Quantization effects and noise are seen. After a
slight smoothing these effects disappear (right)

straight lines in images are conceived as contiguous edges. Many line detection al-
gorithms therefore require a previous local edge extraction step, such as a Canny’s
filtering [28]. Hough Transform [85] and algorithms derived from it [91] have been
widely studied for this purpose. The goal of these methods is to identify clusters
in a particular space (the parameter space of a straight line, either (p, ) with p
the distance of the line to the origin, and 6 the angle between a vector normal to
the line and a fixed direction, or (a, b) where « is the slope and b the ordinate of the
intersection between the straight line and the ordinate axis). The Hough transform
is a voting procedure: every pixel votes for the parameters of the straight line go-
ing through it. Another method consists in first chaining the local edges by taking
into account connectivity (see for an example [70]), and then in identifying seg-
ments among the discrete curves [107]. The main drawbacks of these methods are
the number of thresholds (edge detection needs at least a gradient threshold, and the
Hough Transform needs a quantization step for the parameter space discretization
and a threshold for the voting procedure) and their computational burden and insta-
bility (due to local edges chaining). A fuzzy segment concept was proposed in [45].
In this method the primary detection is still based on a set of points derived from a
local edge detector.
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The method presented in this chapter can be viewed as an adaptation to the level
lines of Desolneux et al. [50], who proposed an a contrario method detecting mean-
ingful alignments in images. A meaningful alignment is a segment where a large
enough proportion of points have their gradient orthogonal to the segment. More
precisely a length [ segment is e-meaningful in a N x N image if it contains at
least k(1) points having their direction aligned with the one of the segment, where:

e k(1) is given by: k(I) = min{k € N, Pr(S; > k) < ¢/N*}, and

e Pr(S(l) > k) is the probability that, in at least &k points in a straight segment of
length [, the gradient of the image is orthogonal to the segment, up to a predeter-
mined precision.

Estimating the probability that k£ points among [ have a tangent with the same di-
rection as the chord is not relevant to detect flat parts. In such a model, consecutive
alignments are indeed not favored. They are instead crucial for shape normalization.

In his PhD thesis [108], Lisani defined flat points on curves by using two arbitrary
parameters. A flat point is the center of a curve segment for which the sum of the an-
gle variations of tangents is small enough (less than 0.2 radian) over a large enough
piece of curve (larger than 15 pixels). This algorithm misses many flat points, and
does not really detect segments, as several experiments have shown clearly.

Figure 3.17 shows the results for some of the algorithms which were just dis-
cussed. As far as flat parts detection is concerned, Desolneux’s alignments are suit-
able neither for detecting accurate segment directions nor for detecting segment
lengths. The naive segment detector based on Hough transform which illustrates
the discussion is certainly not the best that can be done using Hough techniques.
Nevertheless even a more clever algorithm would face the same problem as this
one. It involves numerous critical parameters (different parameters would drasti-
cally change the results). Some isolated points are detected as segments because
they fall by chance on the same straight line as another more distant segment and
therefore collect its votes. Both algorithms (alignments and the Hough transform-
based algorithm) are not local enough: that is why segments over the characters in
the test image are not detected. Canny’s edge detector is well known to suffer from
lack of accuracy at edge junctions (where the gradient is badly estimated). Here, this
would not be a real issue, since segment lines are searched for between junctions,
where edges are more accurately detected. Nevertheless those edge detectors need
several critical thresholds.

3.4.2 Scale-Space and Curve Smoothing

Since the seminal work of Lamdan et al. [101], bitangent lines are well-known to be
of high interest to build up semi-local invariant curve descriptions. The reduction of
the number of bitangent lines is linked to curve smoothing, or curve scale space. The
modern concept of scale space comes from Witkin [181] and is mainly related to the
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Fig. 3.17 Segment detection. (a) original image; (b) maximal meaningful alignments [50]; (c)
Canny’s edge detector; (d) Points that correspond to an edge and that lie at the same time on a
direction detected by voting in the Hough space; (e) local maximal meaningful level lines; (f)
result of the proposed algorithm. See text for discussion.
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Gaussian scale space, given by the heat equation [98]. An interesting shape recogni-
tion method using the mean curvature motion was discovered by Mocktharian and
Mackworth [132]. The use of curvature-based smoothing for shape analysis is by
now well established. The seminal papers are [10], [132] and [62]. These authors
define a multi-scale curvature which is similarity invariant, but not affine invariant.
Abbasi et al. [1] used the mean curvature motion and an affine length parame-
terization of the boundary of the solid shapes in order to get an approximately
affine shape encoding. Sapiro and Tannenbaum [155] and Alvarez, Guichard, Li-
ons and Morel [5] independently discovered the affine scale space with different
approaches. Alvarez et al. proved existence of viscosity solutions to the affine scale
space. An existence and regularity theorem was later proved by Angenent, Sapiro
and Tannenbaum [7] from which it can be derived that the number of inflexion
points decreases under the affine scale space. This result is crucial for shape en-
coding. Moisan [127] found a fast and fully affine invariant scheme implementing
the affine scale space. He also proved the uniform consistency, which by a Barles
and Souganidis [16] result is sufficient for convergence. The numerical scheme of
Moisan was later extended by Cao and Moisan [34] to more general motions by cur-
vature. Very recently the affine erosion scheme was used by Niethammer et al. [142]
to compute an affine invariant skeleton of plane curves.



Chapter 4
Invariant Level Line Encoding

Abstract Chapters 2 and 3 described the level lines extraction, selection and
smoothing procedures, as well as the selection of a few stable, local directions on
these curves. These procedures yield shape elements which cannot be directly com-
pared or recognized since they have undergone an unknown affine transformation.
The classical way to address this problem is normalization. We call affine invariant
normalization a method to build shape representations that are invariant to any pla-
nar affine transformation T'(x) = Az + b, such that det(A) > 0. In other words, an
affine invariant normalization transforms a planar shape F into a normalized shape
such that any deformation of F by a planar affine transformation will give back the
same normalized shape. Notice that shapes related by axial symmetry are not con-
sidered to be equivalent in this framework and will not yield the same normalized
shape. Similarity invariant normalization is simpler and will be defined in the same
way. Section 4.1 first presents the most classical moment method for affine normal-
ization. We will show that this method is not efficient. In Sect. 4.1.3, a much more
accurate normalization method is proposed, involving local and robust features of a
level line such as bitangent lines and flat parts. This method is applied first to global
level lines and then adapted in Sect. 4.2 to pieces of level lines, thus making shape
recognition robust to occlusions. These normalization techniques will be used to
describe, first, the MSER moment normalization method. The more sophisticated
geometric affine normalization methods will be applied throughout the book to the
recognition of LLDs (level line descriptors).

4.1 Global Normalization and Encoding

4.1.1 Global Affine Normalization

Classical shape normalization methods are based on the inertia matrix normaliza-
tion. We shall use Cohignac’s presentation of this method [40]. This method has

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 61
(© Springer-Verlag Berlin Heidelberg 2008
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some drawbacks that are common to all moment-based normalization methods.
They rely on computing high order moments and are therefore unstable and very
sensitive to noise. In the next section we propose a global geometric normaliza-
tion technique based on robust directions (bitangent lines and flat pieces of each
level line). Thus the use of moment-based normalization is not recommended. It is,
however, simple and elegant and needs to be presented before a more intricate and
efficient way is proposed.

Denote by 1+ the indicator function of a solid shape F. In order to achieve
translation invariance of the normalized representation, it may be assumed that F
has been previously translated so that its barycenter is at the origin of the image
plane. Hence, the moment of order (p, ¢) (p and ¢ natural integers) of F is defined
by

iy gl F) = / Pyt (2, y)dady.
RQ

Let Sx be the following 2 X 2 positive-definite, symmetric matrix

g, — 1 <M2,0 M1,1>
F — )
Ho,0 \ H1,1 Ho,2
where 11; ; = i, ;(F). By the uniqueness of Cholesky factorization [71], S may be

uniquely decomposed as Sz = BxBx where By is a lower-triangular real matrix
with positive diagonal entries.

Definition 7. The pre-normalized shape associated to F is the shape F' = Bz'(F).

The aim is to prove that the pre-normalized solid shape is invariant to affine trans-
formations, up to a rotation.

Lemma 3. Let A be a non-singular 2 x 2 matrix. Then Sy = ASFAT.

Proof. Let a,b, c and d be real numbers such that:

ab
a= (1),
The moment of order (2, 0) associated to the solid shape AF is

pi2,0(AF) = det(A) / (az + by)*1x (2, y)dzdy
R2
= det(A) (a0 + 2abp1 + b*pao,2).
The same computation for moments of order (0, 2) and (1, 1) yields

p0.2(AF) = det(A)(cPpa,0 + 2cdpy 1 + d* o 2),
p1,1(AF) = det(A)(acpa,o + bdpo2 + (ad + be)pr 1).

Since 10,0(AF) = det(A)po,0, one can easily check that Sar = ASFAT. O
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Lemmad. Let Xy be a 2 X 2 invertible matrix. Then, for any 2 x 2 matrix X:
XXT = XoX," if and only if there exists an orthogonal matrix ) such that X =
X0Q.

Proof. Since X is invertible, X X = X, X," iff X, ' X (X5 ' X
ting Q = Xo’lX yields the result. 0O

)" = Ido. Let-

Proposition 4. The pre-normalized solid shape is invariant to any invertible, planar,

, . T T .
linear transformation (x,y)" +— A(x,y)", up to an orthogonal transformation.
Moreover; if det(A) > 0, the invariance holds up to a rotation.

Proof. Since A is a 2 x 2 non singular matrix, following Lemma 3, Sqpr =
ASrAT. By letting B be the lower-triangular matrix of Cholesky’s decomposition
of Br, it follows that Sy = AB;(AB;)T. Now, since Sar is a 2 X 2 positive-
definite, symmetric matrix, Cholesky factorization yields Sqpr = BarB A]-‘T,
where B 4 is a 2 X 2 non-singular, lower-triangular real matrix. Then, by Lemma 4,
Bar = ABxQ, where (Q is a 2 x 2 orthogonal matrix. Hence, BX}A}' =
(ABrQ)'AF = Q7'Bz'A~'AF = Q' B;'F, which proves the invariance of
F = B}l}" to planar isomorphisms, up to an orthogonal transformation. Finally,
notice that if det(A) > 0, then det(Q) > 0. O

A closed form for B}l in terms of the moments of F can be computed by taking
the inverse of B r, the lower-triangular matrix given by the Cholesky decomposition
of S Fs

1//I20 0

-1
B]—' = VH0,0 u? u?
—pa )| B0\ Moz — 0 | 1 Ho2 = o

The pre-normalized solid shape F' = B}l}' is then an affine invariant represen-
tation of F modulo a rotation. In order to obtain a full affine invariant representation,
only a reference angle is needed. This can be achieved, for instance, by computing

27 “+oo
p = Arg (/ / T (7, 9)ei9rdrd9) ,
o Jo

then rotating 7’ by — . Notice that this rotation normalization method fails when F’
exhibits a central symmetry. However, unlike a classical rotation normalization com-
puting the direction of the principal axis, it has the advantage of assigning the same
weight to all points in F’, and hence to be more robust to the noise affecting its
boundary.

Putting all the steps together, the affine invariant normalization of a solid shape F
is the set of points (2, yn) given by

<mN)( cos ¢ sin<p>B_1 <m—u1,0>
= ; - ,
YN — SIn @ Cos ¢ Y — MHo,1
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forall (z,y) € F.

As seen in Fig. 4.1, a classical problem of this kind of normalization is its lack
of robustness. Too strong deformations lead to a bad estimation of the moments.

Fig. 4.1 Cohignac’s normalization. Left column: original images. Right column: affine normal-
ization using the moments. The middle and bottom original images were obtained from the top
original image by a numerical affine transformation. Even in this ideal framework, the normalized
solid shapes are not superimposable at all: the moment-based normalization is not robust. Compare
with the local normalization proposed in the next section (the middle and bottom original images
were deformed by the same transformation as in Fig. 4.3)

4.1.2 Application to the MSER Normalization Method

We have described in Sect. 2.2 how stable image extremal regions were extracted
from an image by the MSER method, a variant of Monasse’s Fast Level Set Trans-
form. The MSER extraction is a first step to stereo baseline or object tracking
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algorithms in which high speed is required. The quick and affine invariant com-
parisons of MSERSs taken from different images are performed by direct application
of the affine normalization described in the above-section 4.1. Once MSERs are
computed in two images to be compared, the affine covariance of MSER detection
permits to compute affine invariant moments of these regions and to perform quick
comparisons. The MSERs are normalized as explained in Sect. 4.1: the covariance
matrix is diagonalized and then the linear transformation performing its diagonal-
ization is applied to each region. As a consequence rotational invariants over the
normalized region can be used to compare them. This procedure is affine invariant
and yields potential candidates to a match. However, the final check in the original
method [118] is made by using correlation. Invariant descriptions are only used as
a preliminary test. The normalized circular regions are correlated (for all relative
rotations). Thus the MSER procedure is an interesting variant of what has been de-
scribed in Sect. 4.1. Yet the preceding section pointed out the lack of robustness of
the global affine normalization by moments and the need for a more accurate nor-
malization. This will be the object of the next section, where normalization is based
on robust flat parts of shapes.

4.1.3 Geometric Global Normalization Methods

The geometric global normalization method described in continuation is based on
robust directions given by the bitangent lines and the flat pieces of a solid shape
boundary or level line L. In the previous method, the second order moments of
the moment based global normalization were used to find principal shape direc-
tions. The bitangent lines and flat parts will now play that role and lead to a much
more reliable geometric normalization. A similarity invariant and an affine invari-
ant global normalization methods are proposed here. The best way to describe such
methods is to directly give a self-explanatory algorithm. In the following level lines
are parameterized by length.

4.1.3.1 Similarity Invariant Normalization

For each shape F with boundary £, and for all robust straight line D computed
from L:

Translate F so that its barycenter becomes the origin of the plane.

Scale F so that its boundary has unit length.

Rotate F with respect to the origin so that the robust direction is horizontal.
Define the starting point of the parameterization of £ as the intersection with
positive ordinate between the vertical axis and the boundary of the solid shape.
In case of ambiguity, choose the closest one to the origin.

el
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4.1.3.2 Affine Invariant Normalization (Positive Determinant)

The procedure is illustrated in Fig. 4.2. For each robust straight line D computed
from L:

1. Consider the straight line passing through the barycenter G of F, which is par-
allel to D. Consider the intersection between F and the half-plane defined by
this straight line which does not contain D; call (7; its barycenter, and G5 the
barycenter of the complementary part of F.

2. Now consider the straight line passing through G; and Gj. It splits the solid

—_—
shape into two parts, let G5 and G4 be their barycenter, such that (G3G1, G2Gy)
is directly oriented. (The lines G1G3 and G2 Gy intersect at G.)

3. Points {G, G, G2} define an affine basis. Normalize F by applying to it the
affine transformation mapping {G, G2, G} into {(0,0), (1,0), (0,1)}.

4. Define the starting point of the parameterization of £ as the intersection with
positive ordinate between the vertical axis and the boundary of the normalized
solid shape. In case of ambiguity, choose the closest one to the origin.

The proof of the next proposition is straightforward from the preceding algorithms.

Proposition 5. Let L1 and Lo = ALq be two curves such that L1 is deduced from
Lo by a similarity (resp. affine) transformation, denoted by A. Then the sets of all
normalized geometric curves obtained by the above normalization algorithms ap-
plied to all bitangent lines are identical.

Proof. There is by A a one-to-one correspondence between the bitangent lines of
L1 and L5 and the two above algorithms then describe a similarity (resp. affine)
invariant procedure leading to identical normalized shapes. O

The result was enounced for bitangent lines only, as the robust lines also obtain-
able from flat pieces of the curves are not stricto sensu similarity or affine invariant.
Notice, however, that the use of flat zones is unavoidable to encode convex shapes,
which have no bitangent lines. Moreover, under reasonable zoom factors, flat parts
are preserved. Flat parts are often detected as tangent lines at inflexion points (which
are conserved by affine transformations).

Figure 4.3 shows an example of global affine invariant normalization. The shapes
are the same as in Fig. 4.1. Notice that the normalization is much more stable than
in the moment-based approach.

4.2 Semi-Local Normalization and Encoding

The necessity of a local shape encoding has been emphasized enough. So the pre-
ceding sections on global encoding are mere essays towards a local one. This will
be actually a simple adaptation.
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Fig. 4.2 Global affine invariant normalization based on the bitangent line D. Top: definition of
points G, G2, G3 and G4. Bottom: the normalized solid shape

4.2.1 Similarity Invariant Normalization and Encoding Algorithm

Given a level line £, for each flat piece or for each bitangent line do the following
(this procedure is illustrated in Fig. 4.4):

a) Call P; the first tangency point and P, the other one (for flat pieces, P, and
P are the endpoints of the detected flat segment). Consider the tangent line D
containing these points;
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Fig. 4.3 Global affine invariant normalisation based on robust directions. Left column: bound-
aries of the original image (on top) and of two affine deformations of it (the same ones as in
Fig. 4.1). Right column: corresponding affine normalizations based on a bitangent line. The nor-
malized shapes are very close; this is not the case with the invariant moment method

b) Call P; the first tangent line to £ which is orthogonal to D, starting from P; in
the negative direction. Call P5 the first tangent line to £ which is orthogonal to
D, starting from P, in the positive direction.

¢) Find the intersection points between P; and D, and between P, and D. Call
them R; and R respectively;

d) Store the normalized coordinates of N equi-distributed points over an arc on
L of length F' - || Ry Rz||, centered at C, the intersection point of £ with the
perpendicular bisector of [R1 Rs| (the first intersection starting from Pj). By
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normalized coordinates one understands coordinates in the similarity invariant
frame defined by points 121, R> mapped to (—1,0), (1,0) respectively.

Fig. 4.4 Similarity invariant semi-local encoding based on a flat part of straight line D

Two implementation parameters, F' and NV, are involved in this normalization
procedure. The value of F' determines the normalized length of the LLD. It has to
be chosen keeping in mind the following trade-off: if F'is too large, LLDs will be too
long to deal with occlusions, while if it is too small, LLDs will not be discriminatory
enough. The choice of F' brings up a classic dilemma in shape analysis addressed
in the bibliographical notes of this chapter (Sect. 4.3): locality versus globality of
shape representations. The choice of [V is less critical from the shape representation
viewpoint since it is just a sampling precision parameter. Its choice results from a
compromise between accuracy of the LLD and computational load.

Figure 4.5 shows some LLDs extracted from a single boundary, taking F' = 5
and IV = 45. Notice that the representation is quite redundant and yields LLDs de-
scribing the boundary over a wide range of scales. This redundancy increases the
possibility of recognizing shapes subject to partial occlusions or other local pertur-
bations.

All the experiments in Chap. 6 concerning matching based on this semi-local
encoding (Sect. 6.1) were carried out using F' = 5 and N = 45. These parameters
can be fixed once for all, and they are not to be tuned by the user.
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Fig. 4.5 Example of semi-local similarity invariant encoding. The line on the top-left generates 19
LLDs (F = 5, N = 45). Twelve of them are based on bitangent lines, the other ones are based on
flat pieces. The representation is of course redundant. Three normalized LLDs, two deriving from
bitangent lines, and one from a flat piece are displayed

4.2.2 Affine Invariant Normalization and Encoding Algorithm

The affine invariant representation of a level line £ is computed by applying the
following procedure for each flat piece or bitangent of £ (this procedure is illustrated
in Fig. 4.6):

a) Call P; the first tangency point and P the other one (for flat pieces, P, and P
are the endpoints of the detected flat segment). Consider the tangent line D to
these points;

b) Starting from P, find the next tangent to £ which is parallel to D. Call it D’;

c¢) Consider the straight lines which are parallel to D and lay at 1/3 and 2/3 of
distance from D to D’. Call them D; and D5 respectively;

d) Starting from P, find the next intersection points between £ and D, and £ and
D5. Consider the straight line 7; defined by these two points.

e) Starting from P, find the previous tangent to £ parallel to 77, and call it 75;

f) Define points Ry, Ro, and Rj3 as the intersections between D and 75, D and 77,
and D’ and 75 respectively;

g) Points Ry, Ro, R3 define an affine basis . The affine normalization is fixed by
mapping {R;, Ra, R3} into {(0,0),(1,0),(0,1)} if {Ry, R, R3} is a direct
frame, and into {(0, 0), (1,0), (0, —1)} if not.
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h) Encoding: consider the intersection point between L and the straight line equidis-
tant from D and D’ (the first one starting from P,). Call it C. Normalize the
portion of £ having normalized length F/2 at both sides of C'. Store N equi-
distributed points over the normalized piece of curve.

/ o / /
— " 7
L. LLF »

Fig. 4.6 Affine invariant semi-local encoding. The encoded LLD is based on the bitangent through
P1 and PQ

As for the similarity invariant normalization, implementation parameters were
fixed once for all to F' = 5 and N = 45. Figure 4.7 shows all LLDs extracted from
a single boundary for this choice of parameters. Notice that the encoding is less
redundant than for the similarity encoding procedure. This is because the construc-
tion of affine invariant local frames imposes more constraints on the curve than for
similarity invariant frames.

4.2.3 Typical Number of LLDs in Images

The number of LLDs of a gray level image depends on the complexity of its level
lines. Indeed, the number of LLDs is roughly proportional to the number of inflex-
ion points. Textured images have in general many LLDs since their level lines are
quite complex. To give an order of magnitude, the level lines of a database of 23 nat-
ural images of different type were encoded using the similarity encoding procedure
described above. The level lines were respectively:

1. All meaningful boundaries;
2. Only maximal meaningful boundaries;
3. Maximal meaningful boundaries with local contrast;
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Fig. 4.7 Example of semi-local affine invariant encoding. The line on the top-left generates 7 LLDs
(F =5, N = 45); three of them are represented here

4. Cleaned (see Sect. 2.4.1.1) maximal meaningful boundaries with local contrast.

The number of LLDs per pixel and the CPU time of the encoding per pixel were
measured. See Tab. 4.1.

Table 4.1 Number of LLDs encoded by the similarity semi-local encoding algorithm. Using local
boundaries and the cleaning procedure makes the encoding much faster. In addition, the LLD dic-
tionaries are shorter, but they experimentally contain all characteristic pieces of objects boundaries.
The matching phase complexity is directly proportional to the number of pairs of LLDs, one taken
in each image to be matched. Thus, this simplification is algorithmically quite fruitful

| [#LLDs/pixel[CPU (s)/pixel|

all MB 0.1458 0.0024
maximal MB 0.0528 0.0006
local MB 0.0310 0.0004
cleaned local MB 0.0132 0.0002

The typical time for encoding the meaningful boundaries is between 10s and
Imin on a 1Ghz computer. The gain from meaningful boundaries to maximal mean-
ingful boundaries is obvious and due to the elimination of redundancies in the level
lines tree. The gain when using local meaningful boundaries is just empirical. In-
deed, it is possible to construct images with more local meaningful boundaries than
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maximal meaningful boundaries. Since the cleaning procedure removes some parts
of the level lines, the encoding is logically faster and the LLD dictionary shorter.

Remark 3. The semi-local encoding methods described above may not be local
enough, particularly the semi-local affine invariant encoding. The normalized LLDs
shown in Fig. 4.7 illustrate this problem. In fact, the main cause of non locality of
the proposed semi-local normalization procedures is not the length of the encoded
piece of curve (which could actually be controlled by parameter F'), but the con-
struction of the invariant frames (the lack of locality of this construction can be
seen in Fig. 4.6). Normalization methods based on more local information are thus
needed, in order to perform better in the presence of occlusions. Semi-local geomet-
ric normalization methods using area-based techniques, similar to the ones that we
used for global encoding , could be explored.

4.3 Bibliographic Notes

The level lines extraction/smoothing/geometric encoding method described in this
book was first introduced by Lisani ez al. [108, 109]; the third geometric encoding
stage described in this chapter is inspired from this reference and from Rothwell’s
work on invariant indexing [151]. The next subsections review and attempt to clas-
sify a wide number of antecedent shape encoding methods. Drawbacks will be
pointed out without going into details (for example sensitivity to noise, occlusion,
or deformation).

4.3.1 Geometric Invariance and Shape Recognition

We first review some references about the invariance issue in shape recognition.
Shapes subject to weak perspective distortions, are easily recognized by humans.
The geometric invariance requirement for shape recognition was already discussed
in Chap. 1, Sect. 1.2.1. We claimed that in a general setting, affine invariance should
be considered, while similarity invariance can suffice for a large class of particular
applications. Such a claim was based on the following arguments and articles:

e Projective transformations are shown not to behave well with regard to shape
matching, because they allow the mapping of a large class of curves to a curve
which is arbitrarily close to a circle. (Thus, for example, a rabbit and a duck
are almost projective equivalent [11, 12].)

e Despite some interesting attempts [63], there is no practical way to define
projective invariant local smoothing. Thus affine invariant smoothing is the best
possible [5].

e Since projective transformations are differentiable, they can be locally approxi-
mated by affine transformations (for which invariant smoothing is well defined),
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and these approximations are particularly accurate under weak perspective dis-
tortion.

All in all affine distortions have to be thought of as local distortions. This is not
really restrictive, since the locality of shape representation was already required
in order to deal with occlusions and with the figure-background problem (see also
Chap. 1, Sect. 1.2.1).

4.3.2 Global Features and Global Normalization

The simplest recognition methods are global in the sense that the extracted fea-
tures are computed over the whole solid shape. Since they mix global and local
information, they are sensitive to occlusions (part of the solid shape is hidden) or
insertion (a part is added to the solid shape). This makes them inappropriate for
general applications and restricts their use to a few specific applications where the
observed objects do not overlap. The global features are in general scalar numbers
computed over the whole solid shape. In the case of closed curves, Fourier descrip-
tors [100, 104, 148, 185] or invariant moments [61, 133] (following Hu [86]) can
be used. Affine invariant scalars for global shape representation can also be derived
from wavelet coefficients [97, 162]. Using wavelets allows one to capture some lo-
cal shape information, but not to the point of being able to deal with occlusion (the
invariant scalars are computed by using coefficients from different scales). Another
well-known moment related global method is the Sclaroff and Pentland [160] modal
matching. In this method, a physical elastic model of the solid shapes is considered.
Shapes are represented by their ordered set of eigenvalues for the elastic model.
This method permits relatively realistic shape deformations where the thin parts of
the shape can alter more than the bulk.

An original approach using size functions was proposed by Frosini ef al. [66, 67].
Size functions can be seen as tools to get information about the topology of any
graph. Applied to shape recognition, the size function theory leads to nearly invari-
ant descriptors which can be well adapted to perceptual matching since they rely on
structural information. Methods based on moments or Fourier descriptors, as well
as size function methods, face the same problem. How to define the relative weights
of each moment or size function in a shape comparison distance? This choice is in
general arbitrary or based on ad hoc arguments. Robustness against noise is another
aspect of this problem. Since high order moments (or high frequency modes for the
modal matching method) represent details or fine information about the shape, they
can be contaminated by noise and should not be considered. But up to what order
should moments be considered?

Moments-based normalization methods such as the one presented in Sect. 4.1.1
have been extensively used in shape recognition. As noticed before, these methods
suffer from two stability problems. First because of the dependence on second order
moments the points in the contour of the shape strongly influence the result, making
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normalization quite sensitive to contour deformations. This effect can be reduced by
considering robust norms such as Geman-McClure’s p-function [69] for the estima-
tion of the principal axis instead of the standard quadratic norm [171, 42]. Second,
an error in the identification of the principal axis when the shape eigenvalues are
close may yield completely different normalizations.

More stable global normalization methods can be built by considering bitangent
lines, as in the geometric normalization method proposed in Sect. 4.1.3. In [143]
affine invariant frames for global shape normalization are built by considering the
pair of tangency points of the curve with the bitangent line and an extra point which
can be the barycenter of the solid shape. This is not as stable as the geometric global
normalization proposed here since the position of the bitangency points is not as
robust as the direction of the bitangent line.

The scale-space representation of level lines can also be used to derive invariant
representations. One such method can be found in Alvarez ef al. [6], where shape
invariants are based on the evolution of area and perimeter of the solid shapes sur-
rounded by the level line undergoing the affine scale space. Let us describe the sem-
inal work by Mokhtarian and Mackworth [132]. A shape (in fact a Jordan curve) is
smoothed by curvature motion. At each scale, the smoothed curve is reparame-
terized by the normalized arc length, and the position of inflexion points (zero-
crossings of the curvature) is tracked. If o denotes the scale and s the corresponding
normalized arc length, the proposed multiscale representation of the shape consists
of the set of 2-tuples (s;, 0;), corresponding to the position and the scale at which
two inflexion points meet and vanish. The corresponding binary image in the (s, o)
plane has been called the Curvature Scale Space and is a similarity invariant repre-
sentation. It can also be robust to noise if one only considers the information given
by the scale space for scales larger than an ad hoc or arbitrarily fixed threshold. At
first sight, this method seems to be able to deal with occlusion since curvature is a
local property of curves. This is not the case, however, since at each scale curves
are reparameterized by the normalized arc length, and occlusions or insertions can
drastically modify the positions of points (s;, 0;).

4.3.3 Local and Semi-Local Features

While global features are in general defined to be geometrically invariant up to rigid
transformations, the local or semi-local features defined in the shape recognition lit-
erature can be invariant or not.

Commonly used non invariant features are, for instance, sets of edges [116, 117].
Groups of features are more informative than individual local features, and conse-
quently enhance the matching stages: chained edges [183] or edgels [144] (an edge
element with a direction) can be considered.

In order to achieve (geometrical) invariant recognition, non invariant features must
be compared by means of strategies dealing with invariance, thus leading to time
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consuming algorithms. Non invariant features will not be further discussed.
Invariant local features may be computed directly on the image, or after the shape
has been extracted. Features can be differential or integro-differential invariants at
some special points (like corners [159]) or regions (e.g. coherent regions [21, 180])
of the image. The computation of differential invariants is quite unstable even after
smoothing the image, since it involves high order derivatives.

Weiss [178] proposes local projective invariants requiring the computation of fourth
order derivatives of the curves. This is of course out of range for contours of solid
shapes derived from real images. Sato and Cipolla [156] propose semi-local quasi-
invariants of curves, which do not need high order derivatives. Nevertheless, their
affine quasi-invariants involve second order derivatives. This still is unrealistic for
curves extracted from real images even after a smoothing step. Nowhere in this
whole book will derivatives be involved in the shape recognition process, not even a
first derivative (tangents are not used, only bitangents). Cohen et al. [39, 87] propose
to approximate curves with B-Splines, leading to a compact representation. This in-
terpolation appears to be robust to noise, and an adequate matching algorithm allows
for dealing with occlusions. Although this method seems promising, it suffers from
the interpolation in itself, which depends on the original sampling of the considered
curve.

Most local recognition methods involve curvature extrema of the curves bound-
ing the solid shapes. These points are not affine invariants of curves, but are certainly
from the perceptual viewpoint the most salient points of shapes. This was already
pointed out by Attneave in his 1954 paper [13]:

Information is concentrated along contours (i.e., regions where color changes abruptly),
and is further concentrated at those points on a contour at which its direction changes most
rapidly (i.e., at angles or peaks of curvature). (See Fig. 4.8).

Cohignac et al. [41] propose a multiscale curvature representation for shape recog-
nition by considering curvature extrema of surfaces derived from a shape with the
affine morphological scale space. This leads, for each shape, to a set of points of
interest in R3. In such local shape recognition methods, shapes are represented by a
finite code, composed of the coordinates of curvature extrema points. Recognition
can then be made local or semi-local by comparing the codes through the partial
Hausdorff distance [88]. Two variations based on this general method leading re-
spectively to a similarity invariant and to a translation-rotation invariant recogni-
tion methods can be found in [8, 68]. Similar approaches consist in using boundary
points which are tangent to bitangent lines, instead of the curvature extrema [145].
Up to here, mainly local invariant features have been discussed. Since very local
invariants such as differential invariants suffer from noise while global ones (e.g.
moment invariants) suffer from occlusions a suitable trade-off can be the use of
semi-local features.
Lamdan et al. [101], followed by Rothwell [151, 152], have proposed semi-local
descriptors of shapes, invariant up to similarity or affine transformations. (Rothwell
et al. also propose projective invariant representations.) These features are based on
the description of pieces of non-convex curves lying between two bitangent points
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Fig. 4.8 (From [13]) Curvature extrema concentrate a large amount of shape information. Quoting
Attneave: Common objects may be represented with great economy, and fairly striking fidelity, by
copying the points at which their contours change direction maximally, and then connecting these
points appropriately with a straight edge

(i.e. points at which the same straight line is tangent to the curve). Such features
are affine invariant and the use of bitangent lines ensures robustness to noise. Lisani
et al. [108, 109] improved this bitangent method by associating, with each bitangent
to each level line, a local coordinate system and defining a local affine or similar-
ity normalized piece of curve. They also added to the representation similar local
invariant descriptions based on tangent lines to the curve at inflexion points. This
leads to a more complete representation of level lines.

Some recent methods of image analysis rely on invariant points of interest. These
points are singularities of the image related to zero-crossings as in Lowe [114], or
to Harris points [80]. By using locally computed affine invariant moments, these
points can also be made affine invariant [121]. The purpose is merely to extract an
invariant neighborhood of the image, independently of the shape they may contain.
However, since interest points are usually located near relevant parts of shapes (see
Fig. 4.8), some accurate semi statistical descriptors can be defined. For instance, the
descriptors of [114] are local distributions of the gradient direction in some invariant
neighborhoods of the points of interest, and are used in [163] for retrieving image
parts in video sequences.



Chapter 5
A Contrario Decision: the LLD Method

Abstract In this chapter we will try to answer the question “does that shape element
look like this one?”, and to measure the confidence level of this answer. This confi-
dence level will be computed as the probability that two observed shapes match just
by chance. This requires an a contrario or background model, which will be accu-
rately computed from the shape database itself. The goal is to reach very high recog-
nition confidence levels and therefore very small probabilities in the background
model. How can we estimate very small probabilities? This cannot been done by
simple counting. Indeed, the number of required samples grows as the inverse of the
probability to be computed. There is, however, a classical way to circumvent this
impossibility. It is enough to use independence. The probability of a very unlikely
event can be estimated accurately provided it is a conjunction of independent events
whose probabilities are larger, and therefore observable.

5.1 A Contrario Models

5.1.1 Shape Model or Background Model?

In what follows, it is always assumed that shape elements have been normalized as
covered in Chap. 4. Consider a given query shape element S and a database B of
N shape elements. Let us also assume that a distance or (dis-)similarity measure
d between shape elements is defined. Assume that we found 8’ € B such that
d(8,S8’) is small. (One of the main purposes of the following discussion is to define
what small does mean here.) The observed similarity of S and S’ can have two
explanations:

e Hy: S’ is near S only by chance. For instance because N is very large and there
are similar shapes around every shape;

e Hp: S’ is near S because of a real similarity. For instance both come from two
photographs of the same object.

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 81
(© Springer-Verlag Berlin Heidelberg 2008



82 5 A Contrario Decision: the LLD Method

A full model for Hypothesis H; is a model of all aspects of all objects we want to
recognize. Accurately defining such a model would require large sets of observa-
tions. It must therefore be limited to very specific shape types like (e.g.) individual
letters. It also requires learning algorithms. Thus, we do not consider it feasible to
model H; in a general shape recognition setting.

A model for H (namely the casual resemblance to S) will be called background
model and is more affordable. A way to construct it will be proposed in Sect. 5.2.1.
The decision between Hy and H; is taken by comparing the distance d(S,S’) with
some predetermined value ¢ and deciding that H; holds whenever d(S,S’) < 4.
Otherwise, H; is rejected and the alternative hypothesis Hy is accepted. The quality
of a statistical test is measured by the probability of taking a wrong decision. Two
kinds of errors are possible: reject H; for an observation S’ for which H; is actually
true (non-detection or type I error), and accept H; for S’ although H; is false (false
alarm, or type II error). A probability measure can be associated with each type of
error. Thus we have:

e The probability of non-detection or probability of a miss (associated with type [
error)

e The probability of false alarms (associated with type II error)
PFA(S, ) = Pr(d(S, X) < §|Ho), 5.

provided Pr(+) is a probability measure defined on the set of shape elements. From
now on our convention is to use Greek letters for random shape elements and Roman
letters for observed values.

Note that the background model is given by Pr(:|Hg). It is clear that the

lower PM and PFA, the better the test. Yet it is also clear that PM and PFA can-
not be independently optimized. The usual problem is to find a trade-off between
these two probabilities.
Widely used techniques such as the Bayesian test or the Neyman-Pearson test often
amount to threshold the likelihood ratio of the observation under Hy and H; [149].
However, the practical limits of this theoretical framework are obvious. They indeed
require the knowledge of the likelihood of both the hypothesis ; and the counter-
hypothesis Hy. This is generally unrealistic if the aim is to recognize an unspecified
query shape element. A generative model is indeed needed for the query shape ele-
ment S if the likelihood of each different shape element X’ under hypothesis H; is to
be computed. In the Bayesian approach, it is also required and generally not possible
to accurately compute the probability of non-detection Pr(d(S,X) > §|H;). This
probability indeed relies on an observation model (noise, blur, projective distortion,
etc.). Such a model is possible in particular applications where there are hypothe-
ses on the shapes being sought. No such assumption is made in the present context,
which aims at a full generality. If two images have shapes in common, these shapes
appear in very few instances, and classical methods do not allow for the construction
of models from these samples.
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On the other hand, it will be easier to model the probability of false alarm
PFA(S,§). It is in fact possible to take a decision just based on the background
probability model for H,. Sure detection simply requires that this probability is
very small. Section 5.2 explains how to compute such small probabilities.

5.1.2 Detection Terminology

In presence of multiple testing, the fact that a probability is small has little meaning
per se. What matters is the number of false alarms. We refer to the textbook [54] for
a detailed analysis of this number in various geometric contexts and of its properties.
Let N denote the number of shape elements in the database.

Definition 8. The Number of False Alarms of the shape element S at a distance ¢ is
NFA(S,d) = N - PFA(S,9), (5.2)

where PFA(S, §) is defined in (5.1).

The number of false alarms is the expected number of the shape elements in the
database whose distance to S is below §, when it is assumed that 5 obeys the back-
ground model.

Thus we will call NFA(S, d(S, S’)) the number of false alarms between a query
shape S and a database shape S'.

Definition 9. A shape element &’ is an e-meaningful match of the query shape ele-
ment S if
NFA(S,d(S,S") < e. (5.3)

Considering e-meaningful matches as pertinent detections is an a contrario deci-
sion. The above definition is justified next.

Proposition 6. Under the assumption that the database shape elements are identi-
cally distributed following the background model, the expectation of the number of
e-meaningful matches with S is less than .

Proof. Let X; (1 < j < N) denote the shape elements in the database, and x; the
indicator function of the event e;: ; is an e-meaningful match of the query S (i.e.
its value is 1 if X; actually is an e-meaningful match of &, and O otherwise). Let
R = Zjvzl X; be the random variable representing the number of shape elements
e-meaningfully matching S.

The key point is that the linearity of the expectation allows the computation
of Ey, (R), the expectation of R in the background model. It is instead diffi-
cult or impossible to estimate the probability law of R (even under H) because
of the unknown dependencies between the events e;. Linearity yields Ey (R) =

S 1 Eagy (x;)- By definition of x;,
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Ey, (x;) = Pr(Z} is an e-meaningful match of S|Hy).

By definition, J; is an e-meaningful match of & if

Pr(S € B, d(S,5') < d(S, 5;)[Ho) < % (5.4)

Notice that the probability on the left hand side in (5.4) is itself a random variable.
The probability of this event is less than ;. Indeed, let us denote by X; the random
variable d(S, X;), and F the repartition function (under Hy) of d(S, X'). Hence, F
is also the repartition function of X; and the event on the left hand side of (5.4) also
reads F'(X;) < +.Lemma 2 (page 21) then implies that

€ €
)< — < —.
Pr (F(X]) < N|H0) <%
This yields
e
EHO(R)<21N:5 u
j=

This methodology does not enable an a priori estimate of the number of e-
meaningful matches in a database of shape elements extracted from a natural image
(i.e. whose shape elements are not likely generated by the background model). This
number is an output of the method. The idea behind the definition is that if all shape
elements in the database were generated by the background model, then Hypothesis
‘H1 should never be accepted. In this case, all e-meaningful detections should be
considered false alarms. On average, there are less than ¢ detections.

The lower ¢, the surer the e-meaningful detections. Of course, the same claim
is true when considering distances: the lower the distance threshold §, the surer the
corresponding matches. But considering the NFA quantifies this confidence level.
Actually, by monotonicity, the equation

* € _
5 (N) = sup{s > 0,PFA(S,8) < ¢/N}

suitably defines a positive real number. The proposition that follows is then straight-
forward.

Proposition 7. A shape element S’ is an e-meaningful match of the query S if and
only if d(S,8') < 6* (£).

Thus, selecting e-meaningful matches is equivalent to selecting shape elements S’
such that d(S,S’) < 6* (£). In practice, the method consists in fixing ¢, and the
value 6* (%) remains implicit. Moreover, computing the NFA does not need any

shape model for S.

Definition 10. Let B, and B5 be two databases containing respectively /N7 and N»
shape elements. The Number of False Alarms of a shape element S (belonging to 1)
at a distance 0 is
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NFA(S,0) = Ny - Na - PFA(S, 6). (5.5)

This situation corresponds to experiments in Chap. 6 where the shape contents of
pairs of images are compared. Prop. 6 then stays true, that is to say if Bs is gen-
erated by the background model, the expected number of e-meaningful matches
between 37 and B35 is less than ¢.

5.2 The Background Model

The advantages of the a contrario decision framework compared to directly set-
ting a distance threshold between shape elements are clear. Simply setting ¢ = 1
allows at most one false alarm among meaningful matches (1-meaningful matches
will also be simply referred to as meaningful matches). In all experiments of the
next chapter we will check that setting ¢ = 10! eliminates false detections. The
detection threshold € can be set uniformly whatever the query shape element and
the database are. While fixing ¢ = 0.1 will solve the detection problem, we still
wish to take advantage of lower values of the number of false alarms to quantify the
certainty of each match. Thus, our aim will be to compute NFAs, no matter how
small they are.

Consider the following heuristic argument. Assume that the distribution of
d(S8,Y) is learned by empirical frequencies on a set of N shape elements. Then
the lowest non null observable probability is 1 /N. If S is now sought for in another
database also containing N shape elements, then the lowest attainable number of
false alarms is IV - % = 1. This means that even if two shape elements S and S’
are almost identical, such an empirical estimate of the NFA cannot ensure that the
match is not casual. Indeed, an NFA equal to 1 means that on average one of the
shape elements in the database matches S just by chance. Lowe [112] commented
in 1985 the very same aporia and the very same solution:

Due to limits in the accuracy of image measurements (and possibly also the lack of precise
relations in the natural world) the simple relations that have been described often fail to
generate the very low probabilities of accidental occurrence that would make them strong
sources of evidence for recognition. However, these useful unambiguous results can often
arise as a result of combining tentatively-formed relations to create new compound relations
that have much lower probabilities of accidental occurrence.

Definition 11. A shape background model H, is a probability model on a set of
shapes such that the following assumptions hold. Each shape element S can be
represented by a set of K features 21(S), ..., xx(S), each of them belonging
to a metric space (E;,d;) (i € {1,...,K}). Then the random variables X~
di(x;(S),z;(X)) (i € {1,..., K}) are mutually independent.

From the partial distances d;, a complete, global distance should be defined, in
order to apply the results of Sect. 5.1.1. A possible choice could be the product
distance d defined by

d(S,8') = oA di(:(S), zi(S")). (5.6)
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Nevertheless, there is no reason why the d; should have the same order of magni-
tude. Instead, denote by P;(S, §) the marginal probability

Let us define
5:;(S8,8") = P,(S,di(S,S)) (5.8)
ie.
We can also define the product distance
K
ds,8") = 5;(S, 8’ . 5.10
(5.8 = (|, 55.5)) (5.10)

Despite denomination, this function is not necessarily a distance. However, d(S, S’)
is small when observing random values d;(z;(S), z;(X)) smaller than d;(z;(S),
x;(8")) occurs with a low probability. Hence d is a measure of dissimilarity which
is relative to S.

The purpose of this operation is the following: If X' is a random shape element,
9;(S, X)) also is a random variable. If the distributions of the distances d; are given
by densities, then §; is uniform in (0, 1) by Lem. 2 (p. 21), whatever the law of X
Of course, the §; are independent if the d; are independent, which is assumed in the
background model.

The NFA between S and S’ is still defined by

NFA(S,S’) = N -d(S,8").
The next result immediately generalizes Prop. 6.

Corollary 1. The expected number of e-meaningful matches in a database of N
shape elements generated by the background model is less than e.

Proof. The sketch of the proof follows the one of Prop. 6. By linearity of the
expectation, it suffices to prove Pr(NFA(S,Y) < ¢|Hp) < . By definition,
NFA(S, X) < eifand only if, forall ¢ € {1,..., K},

5:(8.5) = B(s.as.2) < (2) .

By the independence assumption,

Pr(NFA(S, ¥) < £[Ho) = HPr( (S,di(S, ) < (%)”K |H0>.

But since P; is exactly the repartition function of d;(S, X'), Lem. 2, (p. 21) applies
and each probability on the right hand product is less than (%) /K
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Hence,
e

Pr(NFA(S, 2) <elHp) < - O

5.2.1 Deriving Statistically Independent Features from Level Lines

The P;(S,0) will be empirically learned on a size N database. The smallest attain-
able number of false alarms in a background model is thus of order N - ﬁ =
N'=K_ The number of features K should be large enough, so as to attain very small
NFAs. But, it cannot be arbitrary large either. Indeed, digital images contain a finite
amount of information. Therefore level line descriptors cannot be described by an
infinite set of independent features. On the other hand, the features x;(S) should
characterize a shape S, so that d(S, S’) is small if and only if S and S’ are similar.
Finding a suitable trade-off between independence and completeness of the features
is necessary.

The decision framework described so far is actually completely general in the
sense that it can be applied to find correspondences between any kind of objects for
which K statistically independent features can be extracted. We now concentrate on
the problem of extracting independent features from level line descriptors (LLD).
In order to make the shape recognition task reliable, shape features have to meet the
three following requirements.

1) Completeness: Two LLDs are alike if and only if their features are alike;

2) Statistical mutual independence (more precisely, distances between features are
independent);

3) Their number is as large as possible.

The first requirement means that the features describe shapes well. The second one
is imposed in order to design the background model, and the third requirement is
needed in order to reach low numbers of false alarms. The existence of a background
model as defined in Def. 11 is not obvious. In particular, proving independence is
not easy. The remainder of this section describes a possible construction of LLLDs’
features.

5.2.1.1 Semi-Local Encoding

First consider the semi-local encoding algorithm described in Chap. 4. Recall that
an LLD is a piece of Jordan curve normalized in a local frame built on a bitangent or
on a flat part. The construction to be described now yields a good trade-off achieving
simultaneously the three feature requirements (see Fig. 5.1 for an illustration). Each
normalized representation C' is split into five pieces of equal length. Each one of
these pieces is normalized by mapping the chord between its first and last points
onto the horizontal axis, the first point being at the origin. The resulting normalized
chunks are five features C, Cs, ...,C5. These features ought to be independent;
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nevertheless, C1, ...,Cs being given, it is impossible to reconstruct the LLD they
come from. For the sake of completeness a sixth global feature Cj is therefore made
up of the endpoints of the five previous pieces in the normalized frame. For each
LLD, the shape features introduced in Sect. 5.2 are made of the six shape codes
(1, ...,Cs. Using the notations introduced in the previous sections, z;(S) = C;, 1 €
{1,...,6}; the distances d; between them are L°°-distances between corresponding
pieces, parameterized by length. If C;(s) is such a parameterization, we will simply
set dl(C“ Cl) = Supg ||CZ(S) — CZ(S)H

The independence hypothesis amounts to say that for shapes of the reference
database each chunk of an LLD does not influence the other ones, and that scales do
not interfere. It cannot be proved that this description provides a background model
in the sense of Def. 11. However, its consistency with the theory of Sect. 5.1 will be
empirically checked.

(&}
D ~—
TN Cy
R -7 : : C
4 Wz
— +
Ty G
6 \g p I~ 7
Ry Ry C
a) — b)

Fig. 5.1 Semi-local encoding procedure. Example of a similarity-invariant encoding. Sketch (a):
original LLD in a normalized frame based on a bitangent line. Both ends of the LLD of length
proportional to || Rq R ||, are marked with bold lines: this representation is split into five pieces C1,
Cs, C3, C4, and C5. Sketch (b): each of them is normalized and a sixth feature Cs made of the
endpoints of these pieces is also built

Let us give some realistic orders of magnitude. In typical 512 x 512 images, the
experimental number of extracted LLDs is about 10*. Thus, the smallest number of
false alarms when matching LLDs between two images is

=101,

10%-10%- =
(101)6

In practice, for similar shapes, numbers of false alarms as small as 10719 will be
observed.

Remark 4. All LLDs are sampled with a fixed number of points, independently of
their lengths in the image. While this solution makes the computation of distances
between normalized LLDs faster, precision problems may arise when considering
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long LLDs presenting strong oscillations. For these pieces of level lines, normal-
ized LLDs may simply not be accurate enough, leading to false detections. Notice
however that false matches involving such long LLDs always show NFAs close to
1 (see Fig. 6.19 in Chap. 6 for an example).

5.2.1.2 Global Encoding (MSER)

A global curve normalization was also proposed in Chap. 4. The a contrario deci-
sion strategy is still valid, considering these normalized curves as shape elements,
and building the features in a similar way as for the semi-local encoding. Precisely
speaking, each normalized MSER is split into five pieces. The starting point was
defined in Chap. 4 as the nearest point to the barycenter intersecting the vertical line
to the bottom with a positive ordinate. In the same way as for semi-local encoding,
each one of these pieces is normalized by mapping the chord between its first and
last points on the horizontal axis, the first point being sent to the origin. The result-
ing chunks are five features Cy, Co, ...,C5. For the sake of completeness, a sixth
global feature C's is made of the endpoints of the five previous pieces. The features
are made of (1, ...,Cgs. The distances d; between them are again L°°-distances
between corresponding chunks, parameterized by length.

5.3 Testing the Background Model

A way to test the reliability of the background model would be to check that the
shape chunks are statistically independent on a large and realistic database. Yet this
independence can be and has been disproved by a x? test. Thus our purpose must be
less ambitious. What we really need is to validate the computation of the expected
number of detections (the Number of False Alarms, Prop. 6) in the background
model.

Since very small NFAs cannot be observed, the comparison between predicted
and observed NFAs will be performed on a very large database and for values of the
NFA ranging from 0.01 to 10,000.

A first experiment compares the number of detections and its prediction when the
LLDs database and LLD query are both random walks with independent increments.
In this case the background model must be true, since the considered LLDs perfectly
fit the independence assumption. Table 5.1 shows with no surprise that the Number
of False Alarms is very accurately predicted for various database sizes. The number
of detections with a NFA lower than ¢ is of order e. Modeling LLDs with random
walks is not realistic. We shall now check what amount of dependence between
shape chunks might come from two dependence factors. First the fact that they are
level lines (which forbids self-crossings) and second the normalization.

Table 5.2 shows the number of detections versus the number of false alarms for
databases made of pieces of level lines (not normalized: the LLDs are made out
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Table 5.1 Random walks. Average number of detections (over 10 samples) vs e. The experiments
were made with databases of different size (N from 10,000 to 100,000 LLDs)

€
N

0.01(0.1| 1| 10 | 100 | 1,000 |10,000

100,000{ 0 | 0 |2.3|15.2|122.2|1,075.5|9,872.2
50,000 |0.20.3]1.5|11.9{106.1|{1,001.1(9, 789.5
10,000 | O | 0 |1.2|12.5|108.4| 985.0 —

of 45 consecutive points on pieces of level lines). The LLDs have no self-crossing.
Once again the number of detections is accurately predicted. The number of matches
with a NFA less than ¢ is again of order €.

Table 5.2 Pieces of white noise level lines with no normalization. Average (over 10 samples) num-
ber of detections vs e. The three rows correspond to the size of the various databases, respectively
N = 101, 438 LLDs, 50,681 LLDs and 9, 853 LLDs

€

N 0.01(0.1| 1 | 10 {100 |1,000( 10,000

101,438| 0.1 |0.1]1.7(13.8[95.3|942.5(9, 789.4
50,681 | 0 | 0 [1.2{10.3|90.5|955.1(9,859.3
9,853 0 [0.110.9] 9.5 [94.3|973.1] —

Let us now consider databases made of (normalized) LLDs extracted from pieces
of level lines in white noise images. Table 5.3 shows that the number of detections is
still of the same order of magnitude as the number of false alarms e. Yet, it is not as
precisely predicted as in the former experiments. Roughly speaking, this means that
the dependence mostly comes from the normalization procedure, and not from the
non-self-intersection constraint. Nevertheless, the order of magnitude is still correct,
and does not depend on the size of the database.

Thus, the experiments confirm that we can adopt the Number of False Alarms
under Helmholtz principle. According to this principle a match is relevant if it can-
not happen in a white noise image. Table 5.3 shows that matches with a NFA lower
than 0.1 are unlikely in white noise images. Requiring a good confidence in the
detected matches thus leads to consider 0.1-meaningful matches in realistic experi-
ments (see Chap. 6, Sect. 6.1).

One could suspect that the slight dependence shown in the last experiment comes
from the normalization of very small (and therefore smooth) level lines. Table 5.4
checks that this is not true. It compares numbers of detections and of false alarms
for a database of normalized long pieces of level lines extracted from white noise
images. The results are not better than in the preceding experiment.
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Table 5.3 Normalized pieces of white noise level lines. Average (over 10 samples) number of
detections vs € on databases with respective size N = 104,722, N = 47,033 and N = 10, 784
LLDs

N 0.01{0.1{ 1 | 10 | 100 | 1,000 | 10,000 | 100,000

104,722| 0.3 [1.5|6.5(31.5|173.9|1,264.4|9,803.1|99, 899.5
47,033 | 0.10.3(3.7|20.2{125.4| 976.3 |9,854.2 —
10,784 | 0 [0.2|2.6(14.8|107.6| 973.3 — —

Table 5.4 Normalized long (more than 135 pixels) pieces of white noise level lines. Average (over
10 samples) number of detections vs ¢ on databases with respective size N = 101,743, N =
51,785 and N = 11,837 LLDs

£

N 0.01{0.1| 1 | 10 | 100 | 1,000 {10,000 |100,000

101,743| 0 [0.4|2.8(18.5(124.3|1,123.2|9,693.8|99,921.0
51,785 | 0 |0.3]2.9|16.0{118.6| 983.4 (9,800.4 —
11,837 | 0 [0.2|1.4|12.3|105.9| 975.2 |9,974.7 —

5.4 Bibliographic Notes

5.4.1 Shape Distances

The shape matching problem is strongly related to the definition of adequate dis-
tances. The most commonly used distances are LP distance, Mahalanobis dis-
tance [60, 165], Hausdorff distance [88], or Fréchet distance [4]. Miller, Younes
and Trouvé [123, 124] (see also the more recent [20]) study the orbit of shapes via
the action of diffeomorphic transformations, allowing in this way non-rigid trans-
formations. Each transformation has a cost, and the distance between two shapes is
the cost of the transformation with least energy between them. Similarity distance
defined as the cost of an elastic deformation has been elaborated by [18]. Most
of these distances are global and sensitive to local occlusions. However, they can
be suitably modified to fit the locality requirement leading for instance to partial
Hausdorff distance [88, 173, 145]. We refer the reader to general surveys by Alt
et al. [3], Veltkamp et al. [173, 172], Loncarnic [111] and Dryden [57]. A review of
more applied methods involved in Content-Based Image Retrieval (CBIR) systems
is found in [174, 175].

Some global features allow shapes to be matched on other criteria than invariance
with respect to a projective subgroup. For instance, a lot of work has been done
on methods for matching shapes by minimizing the deformation energy involved
in aligning one shape with another. One such method is modal matching [160],
which takes a certain physical plausibility of the deformations into account, and
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thus accepts a larger class of invariance than geometric groups. Methods minimiz-
ing non-rigid energy deformations can also be based on local features, but they do
not allow partial matching since all features are involved in the deformation energy.
As an example Belongie et al. [22] propose to estimate the transformation leading
from one shape to another when each shape is described by some points with a
shape context (information about the points vicinity). Lisani et al. [108, 109] first
defined shape elements as pieces of level lines. The normalization used in this book
is basically the same. However, in Lisani’s work, distance thresholds were chosen
manually based on empirical testing.

5.4.2 A Contrario Methods

This chapter is mainly based on the paper [140] which introduced the a contrario
method to match elements of level lines. A contrario detection frameworks are clas-
sical in the signal processing field, where a precise model of noise is often available.
See for example an application to the detection of gravitational burst in Arnaud
et al. [9], and another for the detection of small targets in cluttered environment in
Chapple ef al. [38]. In both cases in the absence of signal the data distribution is
assumed to be a zero mean Gaussian with known variance.

An example of target detection in non-Gaussian images can be found in Watson and
Watson [177]. The authors model the background of the considered images with a
fractal model based on a wavelet analysis. Targets are detected as rare events with
regard to this model.

The a contrario detection framework has recently been applied by Desolneux et al.
for the detection of alignments [50] or contrasted edges [S1], by Almansa et al. for
the detection of vanishing points [2], by Stival and Moisan for stereo images [128],
by Gousseau for the comparison of image composition [74] and by Cao for the de-
tection of good continuations [31].

Another possibility that was investigated is to use the principal component analysis
(PCA) [141]. Although PCA does not provide independent features but uncorrelated
ones, the approximation does not seem to be critical. However, the completeness
requirement (for the same number of features) is not satisfied with PCA. Moreover,
shape elements do not form a vector space. The same remark holds for indepen-
dent component analysis (ICA) [90], which assumes that the signals (here, shape
elements) are linear mixtures of independent features.



Chapter 6

Meaningful Matches: Experiments on LLD
and MSER

Abstract This chapter tests the shape matching method described in the previous
chapter. Section 6.1 deals with the semi-local invariant recognition method. Both
similarity and affine methods are considered, and a comparative study based on ex-
amples is presented. When images differ by a similarity, affine matching usually re-
turns less matches because affine encoding is more demanding. Nevertheless, affine
encoding proves more robust as soon as there is a slight perspective effect, and yields
much smaller NFAs. We will also test an improved MSER method (namely a global
affine matching algorithm of closed level lines). This algorithm works but we will
point out a problem with convex shapes, which turn out to be very hard to distin-
guish up to an affine transformation. Finally the context-dependence of recognition
will be illustrated by striking experiments on character recognition.

Now comes the time to check the applicability of the shape comparison scheme
described in the previous chapters. All the experiments presented thereafter follow
the same procedure: detection of meaningful boundaries (Chap. 2), affine invariant
smoothing (Chap. 3, Sect. 3.3), similarity or affine normalization-encoding (Chap. 3
and 4), and then matching (Chap. 5).

6.1 Semi-Local Meaningful Matches

This section presents several experiments that illustrate all stages of the semi-local
invariant recognition method, in particular the semi-local normalization procedures
(Chap. 4) and the decision method (Chap. 5). Both similarity and affine versions
will be compared.

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 93
(© Springer-Verlag Berlin Heidelberg 2008
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6.1.1 A Toy Example

This first experiment compares the performance of the affine invariant and the sim-
ilarity invariant recognition methods on simple synthetic images. The role of such
toy examples is to illustrate all the stages of the recognition methods. Figure 6.1
shows two synthetic images. LLDs from the image on the left (the query image) are
sought in the right image (the scene image).

In the scene image, an affine distorted version of the symbol in the query image
is included. The affine and the similarity semi-local invariant encoding algorithms,
described in Chap. 4, were applied to the smoothed extracted boundaries before
meaningful matches were detected in both cases.

5

)
~ |
)
E

Fig. 6.1 Toy example. (a) Original images. The image on the right contains an affine distorted
version of the symbol in the left image. (b) Corresponding maximal meaningful boundaries
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Using the semi-local affine invariant recognition method 44 LLDs were extracted
from the query image’s meaningful boundaries. These LLDs are represented by
affine normalized codes of 45 points, as explained in Chap. 4. The same encoding
procedure applied to the scene image led to 105 LLDs. Meaningful matches between
these two sets of LLDs were detected. Following the rationale for the meaningful-
ness computation presented in Chap. 5, a perfect match between LLDs would have
reached a NFA of 44 x 105/105% = 3.45 10~ (when the empirical distributions of
distances to query LLDs are learned using only the considered scene image, as done
here). But perfect matching is impossible, even with synthetic images. Indeed, the
interpolation involved in the affine transformation of the image leads to boundaries
that are not exactly the transformed boundaries of the original image. Another rea-
son is as pointed out in Chap. 4 that flat pieces are not affine invariant (they are not
even similarity invariant), and their position may vary.

This is exactly what can be observed in the experiment. All 42 detected mean-
ingful matches between LLDs for the affine invariant framework (NFA < 1) are
shown (superimposed) in Fig. 6.2(a). No false match was detected. The best match
has NFA = 5.4 10~7 and the worst one 9.6 10~!. These two matches are displayed
in Fig. 6.3(a). The leftmost and middle images correspond respectively to the query
and the scene LLDs, and the rightmost image shows their LLDs in the normalized
frame, superimposed. The LLDs matching at NFA = 9.6 10~! do not correspond
exactly to the same piece of curve but they are still detected since they are close
enough. This kind of instability is not really a problem since in general the encod-
ing is redundant enough to capture better matches involving the same portions of the
curve. This is illustrated in Fig. 6.2(b) where almost all the same pieces of boundary
shown in Fig. 6.2(a) are still present with a meaningfulness e < 1072,

Finally, notice that one of the nested boundaries of the symbol does not have
any matched LLD while the other (which is almost symmetric to it) does. The ex-
planation is that in the scene image one of these nested boundaries has a flat piece
and is therefore encoded. In the other one no flat piece is detected. This will not
be a problem because such quasi-convex curves are also encoded in parallel by the
global method presented in Chap. 4, Sect. 4.1.

The second part of this experiment applies the semi-local similarity invariant
recognition method to the same query and scene images. The similarity invariant
method is not expected to perform better than the affine invariant one, the com-
mon LLDs in the query and the scene images being related to each other by an
affine transformation. However, it is interesting to know if the semi-local similar-
ity invariant method still is able to retrieve some matches. In this second part of
the experiment the same stages as in the previous one were followed, except for
the normalization/encoding procedure. The semi-local similarity invariant encoding
method described in Chap. 4 is used. In the query image 80 LLDs were extracted
from its meaningful boundaries and 127 for the scene image. Notice that the simi-
larity invariant encoding is more redundant than the affine invariant encoding. The
explanation is simple. As pointed out in Chap. 4 (Sect. 4.2) the construction of the
affine invariant semi-local frames imposes more constraints on the curve than the
similarity invariant one. (These affine semi-local frames are also more global than
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(a) NFA <1
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(b) NFA < 102

Fig. 6.2 Affine invariant semi-local recognition. Meaningful matches (NFA < 1) between LLDs.
No false match was detected

similarity semi-local frames, which makes them less robust to occlusion.) Perfect
matches in this second part of the experiment could reach numbers of false alarms
as low as 88 x 127/127% = 2.66 10~°. Here perfect matches cannot occur, mainly
because boundaries are not related to each other by similarity transformations.

All 44 detected meaningful matches between LLDs (NFA < 1) for the simi-
larity semi-local invariant recognition method are shown superimposed in Fig. 6.4.
Figure 6.5 displays the matching LLDs in the images and in their corresponding
normalized frame, for the largest and the lowest NFA (2.5 10~° and 7.1 1071), as
well as another example of matched LLD.

We see from the superimposed normalized LLDs that these LLDs are not as close
as for the affine encoding. However, just look at LLDs in Fig. 6.5(a) and 6.5(c). Even
though the query and the scene images are related by an affine transformation with
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(b) Worst match, NFA = 9.6 10~1

Fig. 6.3 Affine invariant semi-local recognition. The matches showing the lowest and the largest
NFA less than 1. Right column: both matched codes are superimposed. As expected, the first match
is much more accurate

Y

Fig. 6.4 Similarity invariant semi-local recognition. Meaningful matches (NFA < 1) between
LLDs. No false match was detected

considerable shear and tilt, almost the entire shape is recognized with a high enough
degree of confidence. The only exception is for the nested boundaries, which are too
convex to be encoded by the semi-local method.

Part of the discussion presented in this section can be summarized in Fig. 6.6.
The list of meaningful matches is ordered from best (lowest NFA) to worst (largest
NFA), and the index ¢ of this sorted list is plotted versus — log,;,(NFA;) where
NFA; is the NFA of the i-th best match. Such a function is plotted for the similar-
ity and for the affine matches. The affine semi-local invariant matches reach lower
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(a) Best match NFA =2510""°

., .

£

(b) Worst match NFA =71 10*1

(c) Another example NFA = 2.5 104

Fig. 6.5 Similarity invariant semi-local recognition. The matches showing the lowest and the
largest NFA

NFA. Notice that in both affine and similarity invariant recognition methods there
are several matches that show small NFA, leading to the sure detection of common
shapes.

6.1.2 Perspective Distortion

The affine method performs obviously better than the similarity method when deal-
ing with images related through an affine transformation and not suffering from oc-
clusion. This second experiment shows that the affine method also performs better
than the similarity method when applied to real images related through moderately
weak perspective transformations. The two images considered in this experiment
(which we call Hitchcock experiment) are shown in Fig. 6.7 with their correspond-
ing level lines. The resolution of these images is 640 x 480, which is enough to
ensure good accuracy in the extracted level lines.
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~LoglO(NER) meaningfulness of matches

0 5 10 15 20 25 0 35 40 45
Fig. 6.6 NFA of affine and similarity semi-local invariant matches for the toy example. Both lists
of meaningful matches are ordered from best (lowest NFA) to worst (largest NFA), and for each

list, the index ¢ of the sorted list is plotted versus — log,o(NFA;), where NFA; is the NFA of the
i-th best match

Fig. 6.7 Hitchcock experiment: original images and their corresponding level lines. Top: query
image, 307 maximal boundaries were detected. Bottom: scene image, 266 maximal boundaries
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For the affine semi-local invariant method, 1,150 and 853 LLDs were extracted
from the query image and from the scene image respectively. The number of 1-
meaningful matches detected was 517. In order to reduce the redundancy of the
output, a greedy algorithm eliminates matched LLDs which share a large piece of
curve with other LLDs presenting lower NFA. More precisely, if a pair of LLDs
(81, 87) is an e1-meaningful match, and there exists another pair (Sz, S5) matching
eo-meaningfully, with s < €1, such that S; shares at least half of its length with
Sa, and if the same property holds for S and S%, then the pair (Sy, Sy ) is eliminated
from the output list of matches. By this elimination of redundant matches, the list of
meaningful matches is drastically reduced from 517 to 16 elements. This also shows
how redundant the encoding is. These 16 matched LLDs are shown superimposed
in Fig. 6.8. No false matches were detected, and all matches have their NFA below
0.1. The best match, shown in Fig. 6.9, reaches NFA = 6.510~!!. This value is
remarkably low, considering that ideal perfect matches in this experiment would
have a number of false alarms of 1150 x 853/853¢ = 2.510~'2 (when the empirical
distributions of distances to query shape LLDs are learned using only the considered
scene image, as done here).

, Hitancook]

(TE

Fig. 6.8 Affine invariant semi-local recognition method: meaningful matches between LLDs. No
false matches were detected, and all detections show an NFA below 0.1. The lowest NFA is
6.5107 11

Fig. 6.9 Affine invariant semi-local recognition method: the match showing the lowest NFA
(6.510711)
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Figure 6.10 displays the meaningful matches detected using the similarity semi-
local invariant recognition method. In this case, 2,033 and 1,463 LLDs were ex-
tracted from the query image and from the scene image respectively. As noticed
in the toy example, the similarity method allows the extraction of more LLDs
than the affine method. A total number of 244 meaningful matches (NFA < 1)
were detected, and 26 matches were left after applying the greedy algorithm. The
meaningful matches for the similarity method are shown in Fig. 6.10. The low-
est NFA reached with the similarity method is 3.8 1078, and corresponds to the
LLDs and the normalized LLDs presented in Fig. 6.11. Figures 6.10(b) and 6.10(c)
present respectively the LLDs matching at ¢ < 0.1, and those for which the NFA
is between 0.1 and 1. Notice that none of the 10~ !'-meaningful matches are false
matches, and that the corresponding LLDs are in general much more local than the
LLDs matching in Fig. 6.10(c). Indeed, the more global the LLDs, the less accurate
the similarity approximation of the underlying transformation, which is in fact a
projective transformation. Two false matches, for which the NFA is larger than 0.1,
are seen in Fig. 6.10(c). Figure 6.12 shows the LLDs of these false matches as well
as the superimposed normalized LLDs represented in the normalized frame.

We end the discussion on the Hitchcock experiment with a comparison between
the NFA of the meaningful matches for the affine and the similarity semi-local in-
variant methods illustrated in Fig. 6.13. The principle is the same as for the toy
example from Sect. 6.1.1. The list of meaningful matches is ordered from best (low-
est NFA) to worst (largest NFA), and the index ¢ of this sorted list is plotted versus
—log,o(NFA;), where NFA; is the NFA if the i-th best match. Such a function is
plotted for the similarity and for the affine matches. The affine semi-local invariant
matches reach lower NFA. Notice that in both affine and similarity invariant recog-
nition methods, there are several matches that show small NFA, leading to sure
detections of common shapes.

6.1.3 A More Difficult Problem

Both in the toy example and the in Hitchcock experiment query and scene images
represented different views of the same planar elements. Corresponding shapes were
accurately described by the meaningful boundaries, leading to the detection of sev-
eral matching LLDs with high detection confidence. In this subsection a more diffi-
cult example is considered. It consists in finding common LLDs between the pair of
images in Fig. 6.14. Although at first sight these two different posters for the movie
Casablanca are very similar they present many differences that considerably affect
the topographic map and consequently the set of maximal meaningful boundaries.
For instance the actors’ faces in the query image (the one on top in Fig. 6.14) come
from a snapshot while the scene image is a drawing.

In this example only the similarity semi-local invariant method is considered.
The number of LLDs that were extracted from the query and the scene images
were 3,540 and 8,554 respectively. Figure 6.15 shows the 1-meaningful matches
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(a) All 26 matches having an NFA below 1
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(b) 12 matches show an NFA below 0.1
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(c) 14 matches show an NFA between 0.1 and 1

Fig. 6.10 Similarity invariant semi-local recognition method: meaningful matches between LLDs.
Among the 26 matches having an NFA below 1, 12 are 10~ '-meaningful. Two false matches can
be seen in (c); their NFA is above 0.1
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Fig. 6.11 Similarity invariant semi-local recognition method: the match showing the lowest NFA
(3.81078)
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(b) False match, NFA = 0.68

Fig. 6.12 Similarity semi-local invariant method: the two false matches. Their NFA are larger than
0.1

(i.e. matches for which NFA < 1) on the top row and the 10~ !-meaningful matches
on the bottom row. The number of detected 1-meaningful matches was 211, which
was reduced to 17 after applying the greedy algorithm. It seems that the majority of
the relevant shape information that both images have in common has been detected.
No meaningful match was found for the characters ‘Casab’, which are indeed quite
different (up to a similarity) in both images.

Figure 6.16 shows the LLDs corresponding to the most meaningful match, for
which NFA = 1.1107%. Such a low NFA is a consequence of the fact that this
query LLD is so unusual that it is almost impossible that just by chance another
LLD lies so close to it. A worthwhile remark here follows from the definition of
the NFA given in Chap. 5. Suppose that two query LLDs S; and Sz and two scene
LLDs S} and S} satisfy d(S1,S7) = d(S2,S5) = 4. Then if

#{S' € Bst. d(S1,S) <6} < #{S' € Bs.t. d(Ss,S) < 6},
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Fig. 6.13 Hitchcock experiment: NFA of affine and similarity semi-local invariant matches. Both
lists of meaningful matches are ordered from best (lowest NFA) to worst (largest NFA), and for
each list, the index ¢ of the sorted list is plotted versus —log;o(NFA;), where NFA; is the NFA
of the i-th best match

it follows that NFA(S1,S]) < NFA(Ss, ). Hence for a given distance d the rarer
aquery LLD S (with respect to B) the lower NFA (S, d). This makes sense. A rare
LLD is more discriminatory than a banal one.

Figure 6.17 shows all the false matches detected at NFA < 1. They all have
an NFA between 0.1 and 1. Finally, notice that all matches which semantically
correspond to the same LLDs show NFAs below 0.1.

6.1.4 Slightly Meaningful Matches between Unrelated Images

The experiment presented in this subsection consists in looking for common LLDs
between unrelated images. Two examples are considered. Query and scene images
for the first experiment are shown in Fig. 6.18. All the matches for which NFA is be-
low 1 are superimposed to the original images. 4,731 and 4,946 LLDs were extracted
from the query and scene images respectively. Among all 4731 x 4946 ~ 2310°
possible pairs of query-scene LLDs only 6 matches having NFA < 1 were detected.
Their NFAs range from 0.21 to 0.97. The matched LLDs and their corresponding
normalized LLDs are shown in Fig. 6.19. Numbers 1), 4) and 5), are simple (they
are relatively short and do not present many oscillations) and match with pretty
small distances. However, because of their banality they do not show lower NFAs.
Matches number 2) and 6), while locally different, are quite similar at a coarse scale
as can be seen from their superimposed normalized LLDs. For such long LLDs a
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Fig. 6.14 Casablanca experiment. Left column: original images. Right column: corresponding
level lines. The image on top was taken as query image

representation using 45 points may not be accurate enough. A finer sampling would
probably have led to larger NFAs for that kind of matches.

A second example of LLDs common to unrelated images is shown in Fig. 6.20.
The 22 LLDs extracted from the query image are searched in the 546 LLDs from
the scene image on the left. The matched LLDs and their normalized LLDs are
shown in Fig. 6.21. According to what was presented in Chap. 5, matches showing
NFAs lower than 0.1 are not supposed to happen by chance (as would matches
between LLDs extracted from random level lines). Thus some common reason must
lay behind such an unexpected coincidence. In fact many shapes in images derive
from natural or man-made objects having similar structures. In particular, many
objects are built of parallel parts with equal length. This common feature was called
constant width by Kanizsa.

6.1.5 Camera Blur

The last experiment deals with the semi-local invariant method for shape recogni-
tion. This experiment just aims at illustrating how the meaningful boundaries of
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(b) NFA < 0.1

Fig. 6.15 Casablanca experiment. Meaningful matches between similarity invariant LLDs. Top:
NFA < 1. Bottom: NFA < 10~1. No false match can be seen
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Fig. 6.16 The match with the lowest NFA. The query LLD (left image) matches the database LLD
(right image). NFA = 1.1- 1076

small objects are affected by the blur introduced when objects are far from the cam-
era and how this problem can be solved by representing the query image at multiple
scales. The same solution is applied in the celebrated SIFT method.

The query and scene images for this example are shown in Fig. 6.22, with their
corresponding maximal meaningful boundaries. Images are displayed at the same
scale. Figure 6.23 illustrates a detail of the maximal meaningful boundaries of the
scene image corresponding to the region of interest for this experiment. Compare
these boundaries with the ones extracted from the query image in Fig. 6.22 (on top
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NFA =0.13
NFA = 0.20
NFA =0.27
NFA = 0.38
NFA =0.73

Fig. 6.17 The five false matches for NFA < 1 with their normalized LLDs. The leftmost and
middle images correspond to the query and the scene LLDs respectively. The rightmost image
shows their normalized LLDs superimposed. All false matches show NFAs between 0.1 and 1

right). The characters in the scene image have been almost completely destroyed
and only a few similar LLDs can be observed.

Figure 6.24 on the top row shows the original image and two image reductions,
by factors 4 and 8. The bottom row presents their corresponding maximal mean-
ingful boundaries (followed by an affine shortening at scale 7' = 0.5, see Chap. 3,
Sect. 3.3). Image reductions were performed using a prolate kernel.

Figure 6.25 shows the detected matches at NFA < 1 for each query image (the
original image and the two reductions) with the scene image. When the LLDs of
the original query image are searched only two matches having NFA < 1 are found
(Fig. 6.25(a)). Both matches are correct and their NFAs are 8.8 107¢ and 1.9 104
Using as query image the image reduced by a factor 4 more meaningful matches
are found and the best one reaches an NFA of 2.3107!°. In this case all matches
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Fig. 6.18 Left: query image, 4,731 LLDs were extracted from this image. Right: scene image, the
number of LLDs extracted from it was 4,946. Among the 23 108 pairs of query-scene LLDs, only
six match with NFA < 1. The NFA of these matches range from 0.21 to 0.97

are correct (Fig. 6.25(b)). Finally using the query image reduced by a factor 8 even
more meaningful matches are detected and reach lower NFAs. In this case the NFA
of correct matches ranges from 2.1 1073 to 3.6 10~ 2. A false match with NFA =
7.6 107! was detected but it corresponds to an artifact (a border effect) of the image
reduction. See Fig. 6.25(c).
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Fig. 6.19 The six false matches detected for NFA < 1 with their normalized LLDs. The leftmost
and middle images correspond to the query and the scene LLDs respectively. The rightmost image
shows their normalized LLDs superimposed. All false matches show NFAs between 0.1 and 1
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Fig. 6.20 Puma experiment. Left: query image, from which 22 LLDs were extracted. Right: scene
image; 546 LLDs were extracted from it. The two matches detected at NFA < 1 are superimposed
to the original images

~a

Fig. 6.21 Puma experiment: the two matches detected for NFA < 1, with their normalized LLDs.
The leftmost and middle images correspond to the query and the scene LLDs respectively. The
rightmost image shows their normalized LLDs superimposed. Such a conspicuous coincidence
admits a better explanation than randomness: many shapes in images derive from natural or man-
made objects having a common structure. For instance, many objects are built of parallel or equal-
length parts

1)NFA = 3.010~4

2)NFA = 1.31072
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Fig. 6.22 Top row: query image and its maximal meaningful boundaries; 312 LLDs were extracted
from this image. Bottom row: scene image and corresponding maximal meaningful boundaries.
1,859 LLDs were extracted from it

Fig. 6.23 Detail of the maximal meaningful boundaries of the scene image corresponding to the
region of interest. The character boundaries have been very degraded by blur and smoothing

Fig. 6.24 Original query image and two image reductions. Left column: original image and corre-
sponding maximal meaningful boundaries. Middle: image reduction by a factor 4 (324 LLDs were
extracted from this image). Right: image reduction by a factor 8 (73 LLDs were extracted from
this image). Reductions were performed using a prolate kernel
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(a) Using the original query image. 2 matches have their NFA below 1 (8.8107% and
1.910~%)

(b) Using an image reduction by 4 of the query image: 4 meaningful matches, with NFAs
equal 02.310719,1.3107%,1.5107° and 5.7 107!

(c) Using an image reduction by 8 of the query image: 5 meaningful matches, at NFAs
3.6107127.4107°,4.6107%,2.11073 and 7.6 10~ . The last one corresponds to a false
match, but was introduced by an artifact in the image reduction procedure

Fig. 6.25 LLDs matched with the scene image using three different scales of a query image. The
number of meaningful matches along with their meaningfulness increases when we consider image
reductions. These image reductions simulate the effect of distance from the camera
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6.2 Recognition Relative to Context

The recognition thresholds obviously increase with the rareness and decrease with
the banality of the query LLD in the background database. In many experiments the
background model was extracted from the image itself. With this choice the back-
ground model is the real shape background, which we can also call shape context.
Choosing as background model the context of the shape or a neutral background
made of arbitrary images will of course change the recognition thresholds. The aim
of the experiment presented here is to show that the choice of the background can
be steered by the user, depending on what he wishes. Assume the user wishes to
pick all letters m in a scanned text. Then the question arises: Is the wish restricted
to exactly the same lowercase m, with the same size, or are all lowercase m’s wel-
come? Clearly the thresholds are not the same for both cases. They can actually be
tuned by changing the background. To illustrate the concept four LLDs extracted
from a sample character m (Fig. 6.26) were sought in 14 scanned pages by using the
semi-local similarity invariant recognition method.

Two experiments were undertaken: in the first one the background model was
built from the 14 scanned pages (79,376 LLDs) whereas in the second one the
database came from 21 natural images (98,857 LLDs).

Figure 6.27 shows all matches in one of the 14 scanned pages with the first back-
ground model, which is basically the same text. Only m’s with the same size and
format as the query are recognized.

Figure 6.28 shows the recognitions with the generic database. Clearly the recog-
nition thresholds were higher in the second case (Fig. 6.29). This result is fully
coherent with the definition of a contrario recognition. In the first case, the focus is
put on recognizing LLDs that share some common structure with a particular font
m among other fonts against all other fonts. In the second case the focus is put on
recognizing LLDs in the text image that share a common structure with m, against
arbitrary LLDs. Thus, other similar characters will not be rejected. This explains
why italic m were rejected in the first case and retrieved in the second.

AYAYA

Fig. 6.26 Characters - the query curve
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Fig. 6.27 Character recognition when probabilities are estimated with a database of scanned text
pages. A total number of 111 matches were detected. All m’s having the same font as the query
were retrieved. Only two matches with LLDs which do not belong to an m were found
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Fig. 6.28 Characters recognition when probabilities are estimated with a database extracted from
natural images. 154 matches were detected. The corresponding distance thresholds obtained in this
case were larger than those in Fig. 6.27

Fig. 6.29 Characters. Superimposition of the matched normalized LLDs. Left: the four query
LLDs. Middle: all LLDs from the scanned text that match the corresponding query LLD super-
imposed; probabilities were estimated using the 14 scanned pages. Right: superimposed matched
LLDs when probabilities were estimated with the database of natural images. The matching thresh-
old is larger in the latter case
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6.3 Testing A Contrario MSER (Global Normalization)

In Chap. 4 normalization methods invariant up to similarities or affine transfor-
mations were presented. This section shows several experiments on global shape
matching that validate the normalization and the distance threshold derived from the
number of false alarms (see Chap. 5). We deal here with closed level lines extracted
as maximal meaningful in the level line tree. Thus the method tested in this section
can be termed as an improved MSER method. It is improved in two ways: first be-
cause we use the geometric global normalization defined in Sect. 4.1.3 and second
because we use the a contrario decision technique, which defines the right rejection
thresholds. Before going to the experiments, recall that each level line leads to as
many descriptors (or codes) as bitangent or flat parts in the curve.

6.3.1 Global Affine Invariant Recognition. A Toy Example

This first experiment illustrates the global recognition method with a simple ex-
ample. The pair of images considered here involves the two images presented in
Fig. 6.30, where the global meaningful matches have been superimposed. The im-
age on the left was taken as query image, and the one on the right contains an affine
distorted version of the query. MSERs were extracted by means of the global affine
invariant normalization method (Chap. 4, Sect. 4.1.3), after extracting the meaning-
ful boundaries and smoothing them with the affine curve shortening.

The detection of meaningful matches between all MSERs extracted from both
images was performed using the detection method presented in Chap. 5. A single
false match was detected with an NFA equal to 0.53. Matches between four dif-
ferent pairs of curves were detected. For each of these pairs, the best match (recall
that between two curves, several matches between MSERs may exist) is shown in
Fig. 6.31, with the corresponding NFA.

6.3.2 Comparing Similarity and Affine Invariant Global
Recognition Methods

In this experiment we compare the performance of the affine and the similarity
global recognition methods on two images whose maximal meaningful boundaries
are shown in Fig. 6.32. The boundaries on the left were taken as query. The shapes
in the scene images are strongly distorted, some by a projection on a cylinder (the
bottle).

The aim was to find the character ‘n’ taken from the query image in the scene
image.
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Fig. 6.30 Toy example: original images with global meaningful matches superimposed. The image
on the right contains an affine distorted version of the symbol in the left image

Figure 6.33 shows the detected 1-meaningful matches with MSERs extracted
from the ‘n’ in the query image for the similarity invariant method. The query ‘n’
was represented by 10 MSERs. 36 matches were found in the scene image. The
lowest NFA was 1071, Some false matches can be seen, but they all show NFAs
between 0.7 and 1.

Figure 6.34 shows the matched MSERs when considering the global affine
method. The query ‘n’ is still represented with 10 MSERs since it is the same ‘n’ that
was considered for the global similarity matching (and there is always one MSER
extracted for each bitangent line or flat part of the curve). A total of 35 matches
showed an NFA below 1. The matches that actually correspond to the ‘n’ on the
bottle, show NFAs that range from 10715 to 10~8. The NFA of matches which do
not correspond to MSERs in the ‘n” on the bottle, are between 102 and 1. However,
some false matches are not really false but rather casual, since they correspond to
other characters such as ‘n’ or ‘u’ that appear on the bottle (Minérale and Naturelle).

Figure 6.35 shows, for both methods, the matches showing the lowest NFA. The
top row shows the normalized MSER for the global similarity invariant method and
the bottom row shows the normalized MSER for the affine method. Notice that the
pair of affine normalized MSERs are much closer to one another than the pair of
similarity normalized MSERs. It seems then reasonable that the NFA reached with
the global affine invariant method (10~'°) is lower than the one reached with the
similarity method (10~%).

In Fig. 6.36, the false match that shows the lowest NFA is presented for both
methods. The top row shows the normalized MSER for the global similarity in-
variant method, and the bottom row shows the normalized MSER for the affine
method. The NFA for the similarity invariant match was 0.7, and for the affine
method 4.0 1073,
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Fig. 6.31 Affine invariant global recognition: all pairs of curves showing matches with NFA < 1.
Right column: the MSERs extracted from the curves that match with the lowest NFA are displayed,
superimposed

6.3.3 Global Matches of Non-Locally Encoded LLDs

The main drawback of global shape matching is its sensitivity to occlusion, whereas
local matching is especially designed to deal with it. Nevertheless, the semi-local
encoding presented in Chap. 4 is unable to encode curves which are convex or quasi-
convex (curves for which the length after normalization is not large enough to be
encoded). While in general (as will be shown with some experiments) these quasi-
convex boundaries are not very discriminatory because they are not rich in details,
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Fig. 6.33 Evian: global similarity invariant matching. All 1-meaningful matches with character ‘n’
from the query image. The query ‘n’ is represented with 10 MSERs, that match with 36 MSERs
from the scene image. The lowest NFA is 10~ !, False detections show NFAs between 0.7 and 1

some of them may provide useful information that should not be missed. Indeed
individually speaking each match may not be very meaningful, yet the conjunction
of several of them can become very significant. Thus, the global and semi-local
methods must work together. Of course the non-locally encoded LLDs are globally
encoded and therefore globally compared.
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Fig. 6.34 Evian: affine invariant global matching. Meaningful matches with character ‘n’ from the
query image represented with 10 MSERs. Left: 1-meaningful matches, 35 matches. False matches
show an NFA between 10~ and 1, but some of them are not really false but rather casual, since
they correspond to other characters ‘n” and ‘u’ which are present in the scene. Good matches show
NFA ranging from 10~ to 10~8. Right image: the 23 meaningful matches showing NFAs below
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6.3.3.1 First Example: a Book Cover

Figure 6.37 shows two different views of a book cover and its corresponding max-
imal meaningful boundaries. The query image (on top) consists of a partial view,
taken from a different viewpoint. The two images are related by a strong perspec-
tive deformation. Perspective transformations can be locally approximated by affine
transformations. Indeed many boundaries in images are quite local. It is therefore
sound to try to find correspondences between the considered pair of images using
the semi-local or the global affine invariant recognition methods.

Figure 6.38 shows the 1-meaningful matches between LLDs detected by the
semi-local affine recognition method. Among the 16 matches a single false match
with NFA equal to 0.6 can be seen on the right part of the scene image. The lowest
NFA was 10710,

The next stage of the matching procedure is finding matches between MSERs
extracted from those maximal meaningful boundaries that were not described by
any semi-local LLD. All not semi-locally encoded LLDs are shown in Fig. 6.39(a).
These two sets of curves are used as input for the global affine invariant recognition
method. Figure 6.39(b) shows the detected 1-meaningful matches between MSERs.
Good matches reach NFAs as low as 10719, Some false matches are detected, but
they are only false because they do not correspond to the same objects. These false
matches correspond to MSERS that look actually alike. Such false correspondences
often occur. Convex or quasi-convex shapes are not very discriminatory. Higher
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Fig. 6.35 Evian experiment. Top row: matches for the ‘n’ showing the lowest NFA for the global
similarity invariant recognition. Bottom row: best match for the global affine invariant recognition
method. In each of the rows, the curve on the left is the normalized MSER extracted from the
query ‘n’, and the one on the right is the corresponding normalized MSER extracted from the
scene image. The NFA for the similarity method was 10~ 11, and for the affine method was 10713,
In spite of the projection on the bottle, the normalized MSERs are very alike

level information (such as spatial coherence between matches) is needed in order to
assess their semantic validity.

Notice that if we combine the matches that were obtained from both the semi-
local and affine invariant methods, almost all shapes in common are detected. Com-
pare now the combination of these matches with the matches detected when using
the global method over all the LLDs (Fig. 6.40). Using first the semi-local method
and then the global method over the non semi-locally encoded LLDs produces fewer
false matches than using the global method over the original sets of LLDs. Even
when not dealing with occlusions considering semi-local descriptions for compli-
cated boundaries is more efficient than describing them globally.

6.3.3.2 Two Frames of a Sequence

Figure 6.41 shows the semi-locally matched LLDs between two frames of a movie
sequence using the semi-local similarity invariant method. The non semi-locally
encoded LLDs are displayed in Fig. 6.42. The majority of the non semi-locally
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Fig. 6.36 Evian experiment. Top row: the false match for the ‘n’ that shows the lowest NFA, for
the global similarity invariant recognition method. Bottom row: best match for the affine invariant
recognition method. In each of the rows, the curve on the left is the normalized MSER extracted
from the query ‘n’, and the one on the right is the corresponding normalized MSER extracted from
the scene image. The NFA for the similarity invariant match was 0.7, and for the affine method
4.010~3 (seen in the handwriting on the top of the right image from Fig. 6.34)

encoded LLDs are oval shaped and not discriminatory enough to decide if a match
is semantically correct. Nevertheless, while pairing two of them may not provide
much information, looking for spatial coherence between all pairs of matches can
lead to high confidence detections.

Figure 6.43 shows some MSER matches (those for which the NFA is be-
low 1072). Almost all represented MSERs seem to be discriminatory enough. No
oval shaped boundary is present. Such shapes are rarely discriminatory. This fact is
consistent with the detection methodology: good matches between discriminatory
shape elements show the lowest NFAs.
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Fig. 6.37 Book cover. Top row: query image, and its corresponding 208 maximal meaningful
boundaries. Bottom row: scene image, and its 1,185 maximal meaningful boundaries

lorence LELONG

Fig. 6.38 Book cover: the 16 semi-local affine invariant matches. The NFA of the best match is
10710 . The scene LLD of the only false match that was detected (NFA = 0.6) can be seen on the
right part of the scene image
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Fig. 6.39 Book cover. Top row: all not locally encoded LLDs. Too small or too convex level lines
are not encoded. Bottom row: the 160 matches between MSERs, using the global affine invari-
ant recognition method. The search is only performed on the LLDs which had not been locally
encoded. The NFA’s of some matches reach values as low as 10710, Since spatial coherence be-

tween matches is not taken into account, false matches (from a semantic viewpoint) are unavoidable
(these matches correspond to MSERs that actually are alike)
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Fig. 6.40 Book cover. The 857 global LLDs (MSERs) detected as 1-meaningful matches among

all LLDs. The lowest NFA reaches 10~ 4. The majority of the false matches are unavoidable since
the MSERs are very alike
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Fig. 6.41 Movie frames. The 75 semi-local similarity invariant 1-meaningful matches. The lowest
NFA is about 2.0 1016
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Fig. 6.42 Movie frames. Non semi-locally encoded maximal meaningful boundaries. There are
356 lines in the query image (left) and 373 in the scene image (right)

Fig. 6.43 Movie frame. The 120 global 10~2-meaningful matches among the non semi-locally
encoded LLDs. The lowest NFA is about 5.0 10713



Chapter 7
Hierarchical Clustering and Validity Assessment

Abstract The unsupervised classification of points into groups is commonly re-
ferred to as clustering or grouping. Clustering aims at discovering structure in a
point data set by dividing it into its natural groups. There are three classical prob-
lems related to the construction of the right clusters. The first is evaluating the valid-
ity of a cluster candidate. In other words, is a group of points really a cluster, i.e. a
group with a large enough density? The second problem is that meaningful clusters
can contain or be contained in other meaningful clusters. A rule is needed to define
locally optimal clusters by inclusion. This rule, however, is not enough to interpret
correctly the data. The third problem is defining a correct merging rule between
meaningful clusters, and thus being able to decide whether they should stay sepa-
rate or unit. A unified a contrario method will be proposed for these problems. In
continuation, some complexity issues and heuristics to find sound candidate clusters
will be considered. In the next chapters, the clustering theory developed here will
find a main application in shape recognition: the grouping of several local matches
into a more global shape matching.

7.1 Clustering Analysis

The previous chapters proved that it is possible to define shape elements in images
with invariance properties that agree with visual perception. This definition is ac-
curate in the sense that two random shape elements look similar with a very small
probability in the ad hoc background model. This is, however, only the first stage in
the shape identification process. The next stage should assert whether several shape
elements belong to the same shape or not. Shape elements must be grouped into
what would be more properly called a shape. In this chapter, the grouping problem
will be addressed in a very general setting where the problem is to group data points
in a metric space. The next chapter will develop the particular application to shape
element grouping. The point data set will then be specific. Each point will be a geo-
metric transformation (similarity or affine transformation) predicted by a matching

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 129
(© Springer-Verlag Berlin Heidelberg 2008
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pair of shape elements. Each cluster of transformations will correspond to a globally
recognized shape.

The classification of general data into groups is usually referred to as clustering.
Let E C R? and consider a data set D = {x1,..., 25} of M points in E (some
of them may be equal). The clustering problem consists in finding disjoints groups
G1,...,Gy with UF_ G; C D. The inclusion can a priori be strict; the G; may
not form a partition of D. Of course, in order to give a quantitative relevance to
each group, F is equipped with a dissimilarity function d : £ x E — R,. The
groups are then constructed so that each one contains homogeneous data (intra-
cluster similarity) and the content of different groups is fairly different (inter-cluster
dissimilarity). Many techniques for achieving this goal have been proposed. The
gentle reader is referred to the Keynotes A.1 for a short review and useful references.
The class of method to be used depends on the problem and the type of data to be
processed.

Still, there are three main general problems associated with cluster detection (see
Fig. 7.1):

1. Cluster validity: How to assess the relevance of a group of data points? A valid-
ity or meaningfulness measure should be defined.

2. Optimization: How to find relatively exact borders for each group?

3. Merging rule: When two valid clusters are included in another one, is it better
to merge them or to keep them separate?

. o e VR . i

. . et LR e R
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Fig. 7.1 This figure illustrates three aspects of the grouping problem. The figure presents a set of
data points in the plane and some test regions where an exceptional density may be observed or
not. Intuitively, regions H and I do not contain clusters. So the first question is to rule out such
non meaningful clusters. A second question is the choice of sound candidate regions: for instance,
should R; be enlarged to include the point a? Another problem is to find the best description of
the observed clusters. The region R is a possible good candidate, but it also contains the points of
regions Ry and R> which also are sound candidates. Thus, the question arises of whether R should
be chosen as cluster region, rather than the pair (R1, R2)

This chapter describes an a contrario decision method to answer these three
questions.
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7.2 A Contrario Cluster Validity

7.2.1 The Background Model

In everything that follows E C R” is endowed with a probability measure 7 (which
will also be called background law). By definition, 7(R) is the probability that a
random point belongs to R. We do not mention measurability issues here. They are
straightforward enough in this context.

The definition of 7 is problem specific. In general it is given a priori or can be
empirically estimated over the data (see next chapter).

Definition 12. A point background process is a finite point process (X;)i=1, ... m
in F made of M mutually independent variables, identically distributed with law 7.

A standard way to construct such a point process from (FE, ) is to consider the
product probability space (£, Pr = ) and the random variables X; defined by
Xi(x) =uo; forany x = (2;)i=1, ., m € EM,

Let us now consider an observed data set of M points {1, ..., 2} in E.
Exactly as in Chap. 5, a subset of the data set will form a meaningful group if it could
not occur by chance. In other words, it could not be explained by the background
model. Therefore, the cornerstone of the a contrario method is to contradict the
following assumption:

(A) The observed M-tuple (xi)ie{lm wy Is a realization of the background process.

Let us give an example to illustrate this idea. Figure 7.2 represents two 2D pro-
jections of a 4-dimensional set of points. These points correspond to similarities
applying a shape element in an image to the matched shape element in another im-
age by the method described in Chap. 8. The high density of a region of the space
reveals that the points therein correspond to the same shape. The probability that
such a concentrated cluster is a realization of the background process is very low.

It is assumed that an agglomeration algorithm is given. This is defined as a
function

A: EM — (P(E)F
(xlv"'va) = A(xlv"'va) = (G17~~~aGP)

which to any M -tuple of data points associates a P-tuple of sets, G1, ..., Gp, such
that each Gy, is a part of {x1,...,x}. The algorithm A is designed from any
clustering algorithm and proposes a set of group candidates from a set of data points.
The number of candidates P only depends on the number of data points M and not
on the particular values of 1, ..., z37. A particular choice for A will be given in
Sect. 7.4, but all the theory hereafter does not depend on this choice. Some of the
candidate groups may actually be empty, meaning that P is an upper bound of the
number of possible groups.

(7.1)
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Fig. 7.2 Top row: two projections of a 4-dimensional data point set corresponding to a problem
studied in Chap. 8, Fig. 9.15. Each dot represents a similarity associated with a meaningful match
between shape elements. A group of dots corresponds to a coherent set of similarities indicating
that the matched shapes belong to the same global shape. Thus, optimally assembling shapes re-
duces to the search of optimal point clusters in dimension 4. The question of finding the right
groups is crucial. Errors can lead to adding spurious elements or to removing correct elements
from a shape. The two top plots are the raw data to be clustered. Bottom row: these plots depict (in
black dots) the only group detected by the method presented in this chapter

7.2.2 Meaningful Groups

Consider a small region ® C E containing the origin, typically a hyperrectangle
centered at the origin. Assume that k points among (z1, ..., xps) belong to a
region of the type z; + R, for some j, 1 < j < M. If k is large enough and R
small enough one will observe a cluster of points in R which can hardly have been
generated by the background model. This group of points will then be detected a
contrario in x; + R. Clusters can be grouped around any of the x; and can have any
shape. A generic shape for the tested regions must, however, be fixed a priori. The
region IR will have to belong to a finite family R of regions, which will be detailed
later. For the time being simply assume that R has finite cardinality #R and that
0e€ Rforall R € R.

In the following, for K < M € N and 0 < p < 1, let us denote the tail of the
binomial law by
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Jjzk
Given a background process X, ..., Xjs and a region R of E with probability
m(R), B(M, k,m(R)) can be interpreted as the probability that at least k out of the
M points of the process belong to R. A thorough study of the binomial tail and
its use in the detection of geometric structures is presented in [50] and the textbook
[54]. In this latter book, a chapter is dedicated to clustering, but with a method which
is only valid in dimension 2.

Definition 13. Let G C {x1,...2,} a subset of k points out of the M data points.
We call number of false alarms of G,

NEA(G)=#R M -P: min  B(M - 1k-Laz;+R). (2
GCEJ"FR

We say that G is an e-meaningful group if NFA/(G) < e.

As a sanity check of the above definition, the aim is to prove that the expected
number of e-meaningful regions is less than ¢, when the data set xy, ..., s is
a realization of the background process and the group candidates result from the
agglomeration algorithm A.

Careful notation is needed. Let us fix 1 < 7 < M and R € R. We note:

X = (Xy, ..., Xu), the background process;

x = (z1, ... Ty) asetof M points in F;

XJ = (Xy, ..., Xn) with X; omitted in the list;
x) = (z1, ..., xpr) with ; omitted in the list;

dnl(27) = dn(zy) ... dr(zp) with dr(z;) omitted in the product;
P1’ the marginal of Pr with respect to X7;
K (X7, X;, R) number of points in the list X7 belonging to X; + R.

Lemma 5. Let us fix x; € E. Consider a random process X1, ..., Xpr. Then

J _ J oy . £ < <
Pr (B(M 1, K(X ’xj’R)’ﬁ(xJ+R))<#R'M> SIR M

Proof. The repartition function of the random variable K(X7,z;, R) is k —
B(M —1,k,m(x; + R)). The result follows from Lem. 2, p. 21. O

Proposition 8. Ler X1, ... Xp; be a background process. Consider the P ran-
dom groups A(X1,...,Xn) = (I1,...,Ip). Then the expected number of the
e-meaningful groups among I, ..., I'p is less than e.

Proof. Note

e For 1l <7 < P, the Bernoulli variable
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v — 1if I'; is e-meaningful,

0 otherwise.
e 5 = Zz Y, the number of e-meaningful groups.

Also denote by K; the (random) cardinality of [ and € = ﬁ#n'

Pr(Y;=1)=Pr Xjerl%l,lll’%eRB(M -LK —-1,m(X;+R)) <e (7.3)
F1CX]+R

:Pr(ﬂj,Rs.t. Xj eI, I; CXj+R, (7.4)
B(M —1,K; —1,7(X; + R)) < ¢)

< Pr(3j,Rs.t. B(IM — 1, K(X?, X;,R),n(X; + R)) < €)(7.5)
< Y Pr(B(M—1,K(X’,X;,R),7(X; +R)) <e). (7.6)
1< M

RER

The first inequality results from I'; C X; + R = K; — 1 < K(X7,X,, R) and
the monotonicity of the map k — B(M — 1,k,p). Now, Lem. 5 cannot be directly
applied. Indeed, the considered region is centered at a random point X; and thus
has a random probability. However, by Fubini Theorem

Pr(B(M — 1,K(X?,X;,R),7(X; + R)) < ¢)

= /dw(;vj)Pr I(BM —1,K(X?,2j,R),m(x; + R)) <€),

</d7r(mj)e by Lem. 5,

Thus -
Pr(Y; =1) < M#Re = B
Finally,
P
E($) =Y EX) <Y 5=c O

i=1 i=1
Remark 5. Asin Chap. 2 and 5, the key point is that the expectation of the number .S

of meaningful regions is easily controlled. The probability law of S would instead
be extremely difficult to compute because of the interaction between regions.

To summarize: The number of false alarms is a measure of how likely it is that
a group GG containing at least & of the data points, was generated by chance, as a
realization of the background process. The lower NFA,(G), the less likely the ob-
served cluster in the background process. By Prop. 8, the only parameter controlling
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the detection is €. This provides a handy way to control false detections. If, on av-
erage, one is ready to tolerate one non relevant region among all regions, then ¢ can
be simply set to 1.

The following proposition shows that the influence of the parameter #R and of
the decision parameter ¢ on the detection results are very weak.

Proposition 9 ([50]). Let 0 < p < 1 and
k* = min{k : MP#R - B(M — 1,k,p) < €}.

Then

ay/2p(l —p) <K —p(M —1)

where o = \/(M — 1) In(M P#R /e).

a
< 72 (1.7)

Notice that £* is the minimal number of points in a e-meaningful group and thus
depends on the size of the regions containing the group. By the preceding result,
this decision threshold only has a logarithmic dependence upon P, #R and ¢.

Figure 7.3 shows an example of clustering. The data consists of 950 points uni-
formly distributed in the unit square, and 50 points manually added around the po-
sitions (0.4,0.4) and (0.7,0.7). The figure shows the result of a numerical method
involving the above NFA. Both visible clusters are found with NFA, respectively
equal to 10~® and 10~7. Such low numbers can hardly be the result of chance. How
to obtain exactly these two clusters and no other larger or smaller ones which would
also be meaningful? This will be discussed in the next two sections.
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Fig. 7.3 Clustering of twice 25 points around (0.4,0.4) and (0.7,0.7) surrounded by 950 i.i.d.
points, uniformly distributed in the unit square. The regions of R are rectangles as described in
Sect. 7.4.1. In this example #R = 2500 (50 different sizes in each direction). Exactly two maximal
meaningful clusters are detected. The NFA, of the lower left one is 10~% while the upper-right
one has a NFA; equal to 10~7
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7.3 Optimal Merging Criteria
7.3.1 Local Merging Criterion

While each meaningful group is relevant by itself, the whole set of meaningful re-
gions exhibits in general a high redundancy. Indeed a very meaningful group G
usually remains meaningful when it is slightly enlarged or shrunk into a group G'.
If, e.g. G C G’, this question is easily answered by a comparing NFA,(G) and
NFA,(G’). The group with the smallest number of false alarms must of course be
preferred. Another more subtle question arises when three or more groups interact.
Let G and G5 be two tested disjoint groups and G another tested group containing
G1 U G2. We then face two conflicting interpretations of the data: two clusters or
just one? The merged group G is not necessarily a better data representation than
the two separate clusters G and G5. One possibility is that GG is less meaningful
than each one of the merging groups. In such a case, G; and G5 should be kept
rather than . The situation is less obvious when G is more meaningful than both
G, and Gs. In this case, keeping G; and G separated may still be opportune. So
a quantitative merging criterion is required. We shall first define a number of false
alarms for a pair of groups. This new value will be compared to the NFA, of the
merged group. Let us introduce the trinomial coefficient

(3= (D)

We note
M M-—i
MM, ky, ko, 7, T2) = Z Z ( )7‘r171'2 1—m _71-2)M*Z*J' (7.8)
i=k1 j=kso

This number can be interpreted as follows. Let R; and Ry be two disjoint regions
of E'and m; = 7(Ry), ma = 7(Ry) their probabilities. Then M (M, k1, ko, 71, 72)
is the probability that at least k; among the M, and then at least ks points among the
remaining ones belong to Ry and Rs respectively. Thus, this probability measures
how exceptional a pair of concentrated clusters can be in the background model.

As in the case of single regions, it is assumed that a set of P pairs of group
candidates are obtained by an operator 4s. That is to say

Ay EM _ (P(E) x P(E))? (7.9)
($17~ .- a-TM) = AQ(zla s 7x1\4) = ((G%vG%)v KRR (G}%GZP))?

where it is assumed that Gf CAzy,...xpy},fork=1,2and 1 <i < P.

Definition 14. Consider two group candidates (G, G?) of data points. Let (21, 22) €
G' x G? be two data points, and Ry and R, in R. Let us denote by
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o ki (resp. ko) the cardinality of G\ (22 + Rz) (resp. G®\(21 + R1)), i.e. the
number of points of Gt (resp. G?) that are not in z5 + Ro (resp. z1 + Rq).
e T = 71'((21 + Rl)\(ZQ + Rg)) and o = W((ZQ + RQ)\(Zl + Rl))

Let us define the number of false alarms of the pair (G*, G?) by

NFA,,(G', G?) = M®-P-(#R)? min M(M =2,k —1,ky—1, 71, m5).
(Zl,Zz)EGlXG27
R1,R2€R
G'Cz1+Ry,
G2Czo+Ro>
(7.10)

We say that a pair of groups (G', G?) is e-meaningful if NFA (G, G?) < e.

Let us sum up how to compute this quantity. Choose a region centered at one point
of G (resp. G2) and containing GG; (resp. G2). Those two regions may intersect, so
remove their intersection and the points it may contain. Then, k; and ko points are
left in each group and the trinomial tail can be computed. As above, this quantity
measures how likely it is that G and G2 contain simultaneously at least k1 and ko
points. Removing the intersection is a mere technicality and the probability of this
event is the tail of the trinomial law.

As usual, the aim is to prove that the expected number of e-meaningful pairs of
regions is less than €. As in the study of e-meaningful groups, some care must be
taken of notations and abbreviations. Let 1 < 7 # j < M. Two tested regions
x; + R; and x; + R; may intersect and we have to deal with this possibility. (The
indices 7 and j in I?; and I; only aim at reminding us that these are regions centered
at z; and x; although this notation is actually a bit incorrect). We note

e X =(Xy, ..., Xu), the background process,

e z=(xy, ... xp)asetof M dotsin F,

o XW = (Xl, RN X]\/[) with X;, X]‘ omitted in the list,

o 1Y = (zq, ..., xp) with z;, z; omitted in the list,

o X, = (Xl, ..., Xu) with X; and X replaced by x; and z;,

o dr'i(z") = dm(xy)...dr(xn) with dw(xz) and dm(x;) omitted in the product,

e Pr' the marginal of Pr with respect to %/,

e K(X,i,j,R;, R;) = the number of points among X that are in X; + R; but
notin X, + R;, i.e. belonging to (X; + R;) \ (X; + R;),

o K;=K(X,i,jRi,R;). K; = K(X,j.i,R;, R,

o K, =K(X,,i,j,Ri,R;), K; = K(X,j,3,1, R, R;),

o k;=K(x;,1,j,Ri,Rj), kj = K(xj,j,i,Rj,Ri),

o mi=m((zi +Ri)\ (z; + R;)), m =7((z; +R;)\ (2 + Ry)),

o I =7m((Xi+ Ri)\ (X; + Rj)), I =n((X; +R;)\ (X; + Ri)),

® € =

M3'P(59£;£72)2 :

Lemma 6. For every x;,x; € E,

Pr % [M(M— 2, K, Kj,mi,mj) < e} < (M —1)e.
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Proof. The proof extends the arguments used for Lem. 2, p. 21 to the case of two
variables. Notice that this proof is true for discrete variables since it uses the fact
that K; and K; can only take M — 1 different values. Indeed,

W Komm) < ]
= > Pri(K; = ki, K; = kj)
(ki kMM —=2,k; ke j i ym;) <e
M -2
— < >7rk7rf(17r7;7rj)M2k ks

ik
(k}i,kj)‘M(M—2,ki,]€j,7ri7‘ﬂ'j)<€

Pr |M(M — 2,

Let
k‘i(e,k]‘) = inf{O <k M- 2|M(M — 2, ]{/‘,k‘j,ﬂ'i,ﬂ'j> < 6},

with the useful conventions M(M — 2, k, k;, m;,m;) = 0 and (Alf;f) =0ifk >
M —1 - kj. The map k — M(M — 2, k, kj, m;, 7;) being monotone,
M(M*2,k,k’j,ﬂ'i,ﬂ'j)<€<:>k>ki(€7kj). (7.11)

Summarizing and using the definition of k; (e, k;),

pr i/ [M(M 2, K, K; miym;) < ]

M-—2 M-2

— ( ) 7(1—7Ti—7TJ)M2kk
k=0 k=k; (c,k;)
M-2 M-2 M-2—k

l M—2—k—1

< ( >7T 7TJ(1—7Ti—7Tj) 2
kj=0 k=k;(e,k;) l=k;
M-2

= M(M* 2,]{52‘(6,]{]')7]{33‘,71'1',71']') < (M* 1)6 O
k;=0

Proposition 10. Consider a background process X1, ..., Xyr and the P random

pairs Ao(X1, ..., Xm) = (I, I7), ..., (b, T'3)). Then the expected number of
e-meaningful pairs of regions among them is less than ¢.

Proof. Letusnotefork=1,..., P

e The Bernoulli variable

Lif (I}, I'?) is e-meaningful,
Y. =

0 otherwise.

o S = kaﬂ Y}, the number of e-meaningful pairs of regions.
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Let us fix k. Let X; and X; two points in the process, belonging to I} and I'?. Let
R; and R; be two regions in R, such that I} C X; + R; and I'? C X; + R;.
Let also K; be the number of points of I} that are not in X; + R; and K ;j the
number of points of sz that are not in X; + R;. Notice that with the notations
above, Ki — 1< K, and f(j — 1< Kj. Then,

Pr(Yy =1) = Pr(3,j,Ri, R; st X; eI}, X; €I?,
Il c X;+ R, T? C X; +R;,
M(M —2,K; —1,K; — 1,1I;, ITj) < ¢).
<Pr(3i, 4, Ri, Rj st M(M — 2, K;, K, IT;, IT;) < €)

M
< Z Z Pr(M(M — 2, K;, K, I1;, I1;) <€)
,J=1 R;,R;

The first inequality results from K;—1 < K;and K ;—1 < K and the monotonicity
of the map (k,1) — M(M — 2,k,l,p, q) with respect to each of its variables. By
Fubini’s theorem,

PI‘(M(M — 27K1,Kj,Hi,Hj) < 6)

:/ dﬂ(l‘vﬁ)dﬂ(%)/ T (M 2,k sy <y A (29)
B2 EM-2

= / dr(z;)dm(z;) Pr T(M(M — 2, K;, K;,mi,m;) < €)
E2
< (M —1)e,

where Lem. 6 has been used in the last inequality. Finally,

M~

E(S) = ) E(Yx)

k=1

P

<D (M = 1)M*(#R)%
k=1

<e. O

N

Definition 15 (Merging condition). Let G; and G5 be two groups and G contain-
ing G7 U G5. We say that G is indivisible relatively to GGy and G5 if

NFA,(G) < NFA, (G, Ga). (7.12)

Equation (7.12) represents a crucial test for the coherence of a cluster. If it is
not fulfilled, G will not be considered a valid region as it can be divided into a
more meaningful pair of cluster regions. The next lemma will prove useful to give
a very coarse, but qualitatively handy characterization for the relationship between
the NFA ¢s of a cluster, and two disjoint clusters contained in it.
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Lemma 7. For every ky and ko in {0,..., M}, such that ky + ko < M and for
every m and 7 in [0, 1] such that 71 + 79 < 1,

M(M, k‘l,kg,ﬂ'l,ﬂ'g) g B(]\47 ]{21,7T1> . B(M, kg,ﬂ'g). (713)

A proof of the lemma is given in Appendix A.3. We are actually interested in its
consequence.

Proposition 11. Let G be indivisible with respect to G1 and Gs. Let also assume
that the regions related to G1 and G4 are disjoint. Then

M
NFA,(G) < 5 - NFA,(G1) - NFA, (Gs)

Proof. Let us denote by 1 and 7 the probability of the regions attaining the NFA,,
of G and GG5. These regions are assumed to be disjoint. By an obvious monotonicity
argument those regions also attain the minimum of the trinomial law. From (7.10)
and Def. 15,

NFAgg(Gl,G2) = MSP(#R)ZM(M =2,k — 1, ko — 177T177T2)

and
NFA,(G;) = MP(#R)B(M — 1,k; — 1,7;), i =1,2.

By Lem. 7, it follows that
NFA 4 (G1,G2) < MPP - (#R)? - B(M — 2,ky — 1,m1)B(M — 2,ko — 1,72).

Since B(M —2,k—1,p) < B(M —1,k—1,p) forall M, k and p, the result follows.
O

Proposition 11 yields a very simple necessary condition for cluster indivisibility.
However the bound is not tight enough to be used as a merging condition: in practice
many clusters G satisfy this condition without being indivisible (for an example, see
Fig. 7.5). Nevertheless, the condition may still be useful from a qualitative point of
view. An example of its use will be shown in the next chapter.

7.4 Computational Issues

7.4.1 Choosing Test Regions

What is the right set of test regions R? This question is obviously application driven.
To fix ideas, let us just indicate a sound and generic choice. For some reasonably
fixeda > 0,7 > 1 and n € N, consider all hyperrectangles whose edge lengths be-
long to the set {a, ar, ar?, ..., ar™}. This allows one to consider a tractable num-
ber of test regions with very different sizes and shapes. The choice of the hyperrect-
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angles is particularly opportune when the probability distribution 7 defined on a hy-
perrectangle E of R is a tensor product of one-dimensional densities 7y, ..., mp.
We address the question with more details in the next chapter.

Definition 13 permits us to compute the NFA, of any group of points. This com-
putation involves a region centered at a data point. Since the number of scales is 7 in
each dimension, there are Mn ™ regions centered at a data point. In the next chapter
D = 4 or 6. From the numerical feasibility viewpoint, Mn” becomes too large
when n grows. Hence, detection cannot be performed by scanning all the regions
centered at a point, counting the number of points it contains and computing the
tail of the binomial law. The agglomeration procedure .4 involved in the definition
of the meaningful groups precisely aims at reducing the number of test groups. In
the experiments this agglomeration algorithm is a classical hierarchical clustering
algorithm. It provides a binary tree structure from a data set (z1,...,2s). This
tree, sometimes called dendrogram, contains exactly 2M — 1 nodes, M of which
are singletons. The pairs of .45 are simply obtained as the children of a node of this
binary tree. There are at most P = M — 1 of them.

More generally speaking, hierarchical clustering methods provide a family of
nested partitions of the point data set that can always be embedded in a tree structure
(that may not be binary).

Sect. A.1 describes some of the main aggregation techniques for building such
trees. Many of them perform a recursive binary merging procedure. Thus, they di-
rectly yield binary trees. In such methods the initial set of nodes is the set of data
singletons, {x1}, ..., {xnx}. At each stage of the construction, the two closest
nodes are united to form a parent node. The inter-cluster distance must be cho-
sen ad hoc. In the case of sparse data, one can take the minimal distance d(z;, ;)
where x; belongs to the first cluster and x; to the second one. The nodes of the
tree are all merged parts at all levels and the children of a node are the parts it was
merged from. The result much depends on the choice of the dissimilarity function
between clusters, for which there is no universal choice.

Such a construction introduces some needed arbitrariness. Indeed, the set of all
possible partitions of a data point set is huge. A tree structure reduces the exploration
to searching an optimal subtree of the initial tree structure. This reduction makes
sense if the set of nodes of the initial tree structure contains roughly all groups of
interest. Choosing the right metric on the data point set and the right inter-cluster
distance is therefore crucial.

Given a dendrogram of the data point set, the following algorithm explores all
regions centered at data points and containing a dendrogram node.

Grouping Algorithm
For each node G (candidate group) with cardinality % in the clustering tree or den-
drogram:

1. Set NFA,(G) «— +oo0.
2. Foreach z € G,

a. Find the smallest region 2+ R centered at = containing the other data points

in G.
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b. Set NFA,(G) < min(NFA,(G), MP-#R-B(M —1,k—1,7(x+R))).

7.4.2 Indivisibility and Maximality

We are now faced with Questions 2 and 3 mentioned at the beginning of this chap-
ter. We can get many meaningful clusters by the preceding method. Their NFA,
is known. One can also compute the NFA ;, of a pair of clusters, and compare it
roughly to the NFA ; of their union. The next definition proposes a way to select the
right clusters by using the cluster dendrogram.

Definition 16 (Maximal c-meaningful group). A node GG is maximal e-meaningful
if and only if

1. NFA,(G) < ¢

2. G is indivisible with respect to any pair of sibling descents;

3. For all indivisible descent G', NFA ,(G") > NFA,(G);

4. For all indivisible ascent G’, either NFA,(G’) > NFA,(G) or there exists an
indivisible descent G” of G’ such that NFA,(G") < NFA,(G).

Condition 4 implies that G can be abandoned for a larger group only if this group
has not been beaten by one of its descents. Imposing Conditions 3 and 4 ensures
that two different maximal meaningful groups are disjoint.

Two simple examples illustrate the critical importance of the merging condition.
Figure 7.4 shows a configuration of 100 points distributed on [0, 1]2, and naturally
grouped in two clusters (G1 and Gs. In the hierarchical structure, G; and Go are
the children of G = G U G5. All three nodes are obviously meaningful since their
NFA, is much lower than 1. Their NFA also is lower than the NFA; of the other
groups in the dendrogram. Taking a uniform background law, it has been checked
that for this particular configuration,

NFA,(Gs) < NFA,(G) < NFA,(G1).

Clearly G; represents an informative part of the data that should be kept and will
be. Notice that G5 is more meaningful than G and is contained in GG. Thus, G would
be eliminated if only the most meaningful groups by inclusion were kept. On the
other hand, GG is more meaningful than G, so that G; is not a local maximum of
meaningfulness with respect to inclusion. So, without the notion of indivisibility,
trouble would arise: G would eliminate GG; and G2 would eliminate G. The result
would be the solution indicated in the middle column of Fig. 7.4. Actually G is
neither indivisible nor satisfies Condition 3 above since it is less meaningful than
the pair (G'1, G2) and than G'5. Thus, the result of the grouping procedure yields, in
accordance with the rule of Def. 16, the pair (G, G2).

In [53], the above-mentioned maximality definition was proposed. It consists in
picking the lowest NFA in all the tree branches. As has just been seen, this defini-
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tion is not suitable here. By this definition, G; would have been the only maximal
meaningful cluster of the tree.

Figure 7.5 illustrates another situation where the indivisibility check yields the
intuitively right solution. In this example, the union G of two clusters G; and G4
is more meaningful than each separate cluster. Without the indivisibility require-
ment, G would be the only maximal meaningful group. This would have been co-
herent had GG; and G5 been intricate enough. In the presented case, the indivisibility
condition yields two clusters G; and G, since NFA (G4, G2) < NFA,(G).

Fig. 7.4 Indivisibility prevents collateral elimination. Each subfigure shows a configuration of
points and a piece of the corresponding dendrogram with the selection of maximal meaningful
groups depicted in gray. The number in each node corresponds to —log;,(NFA) of its asso-
ciated cluster so that the cluster is meaningful when this number is large. The number placed
between two nodes is the NFA , of the corresponding pair. Left: original configuration. Middle:
the node selected by taking only the most meaningful group in each branch. The leftmost group
G1 is eliminated. It is, however, very meaningful since NFA,(G1) = 10~ '8, Right: by combining
indivisibility and maximality criteria, both clusters G; and G2 are selected

7.5 Experimental Validation: Object Grouping Based
on Elementary Features

Grouping phenomena are essential in human perception since they are responsi-
ble for organizing information. In vision, grouping has been especially studied by
Gestalt psychologists like Wertheimer [179]. These experiments aim at extracting
the groups of objects in an image that share some elementary geometrical properties.



144 7 Hierarchical Clustering and Validity Assessment

Fig. 7.5 Indivisibility prevents faulty union. Each sub-figure shows a configuration of points and a
piece of the corresponding dendrogram with the selection of maximal meaningful groups depicted
in gray. The number in each node corresponds to the NFA ¢ of its associated cluster. The number be-
tween two nodes is the NFA 44 of the corresponding pair. Left: original configuration. Middle: the
node selected if one only checks maximality by inclusion and not indivisibility. The largest group
G has the lowest NFA 4 and would be the only one kept. Note that the optimal region is not sym-
metric since it must be centered on a data point. Right: selected nodes obtained by combining the
indivisibility and maximality criteria. Since NFA 44(G1,G2) = 107140 < 107127 = NFA4(G),
the pair (G1, G2) is preferred to G

The objects boundaries are extracted as in Chap. 2. Once these objects are detected,
say O1,...0pr, we can compute for each of them a list of D features (gray level,
position, orientation, etc). If k objects among M have one or several features in
common, one wonders if it is happening by chance or if they should be grouped.
Each data point is a point in a bounded subset of R” and the method described
above is applied. Actually, some coordinates, such as angles, belong to the unit cir-
cle since periodicity must be taken into account. This can be done all the same.

Let us return to the experiment in Fig. 7.3. The dot process contains two groups
of 25 points in addition to 950 i.i.d uniformly in the unit square. Two groups and
two groups only are detected, each with very good NFA (less than 1077).

7.5.1 Segments

In the second example, groups are perceived as a result of the collaboration between
two different features. Figure 7.6 shows 71 straight segments with different orien-
tations almost uniformly distributed in position. As expected no meaningful cluster
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is detected in the space of position coordinates of the barycenters. In all the experi-
ments, the number of rectangle sizes in each direction is 50. Thus #R = 507,

== /Z\T“‘“/
: \/ﬁ.,\\i:/;%
: \ = E %

Fig. 7.6 An image of a scanned drawing of segments and its 71 maximal meaningful level
lines [51]

If orientation is chosen as the only feature (D = 1), 6 maximal meaningful
groups are detected corresponding to the most represented orientations, see Fig. 7.7.
None of these clusters exhibits a very low NFA . The central group is not even de-
tected, because the directions of the segments are slightly different. This only means
that orientation is not the only perceptual grouping law used in the interpretation of
this figure. All the other groups are actually not perceived because they are masked
by the clutter made of all the other objects. However, they certainly have a coherent
direction.

N X

Fig. 7.7 Grouping with respect to orientation: there are 6 maximal meaningful groups. The NFA 4
range is between 10794 and 10~3-8. Notice that the central group is missing. Indeed, the direction
of the segments is not accurate and the group is not meaningful with respect to orientation. This
experiment shows that orientation alone is not enough to detect some groups. Orientation is only
one law of perceptual grouping among others



146 7 Hierarchical Clustering and Validity Assessment

Let us see what happens when considering two features (D = 2, #R = 2500). In
the space (x-coordinate, orientation), a single maximal meaningful cluster is found
(Fig. 7.8). It corresponds to the group G of 11 central vertical segments. Its NFA
is equal to 10~°-3, what means it is hardly meaningful with respect to these two fea-
tures. In the space (y-coordinate, orientation), the combination of the maximality
and the merging criterion leads to prefer the two rows of segments to the whole G.
This is coherent with the visual perception since we actually see two lines of seg-
ments here. On the contrary, in the (xz-coordinate, orientation) space, the merging
criterion indicates that observing G is more meaningful than observing simultane-
ously its children in the dendrogram. This decision still conforms with observation:
no particular group within G can be distinguished by the x-coordinate. The same
group is obtained in the space (z-coordinate, y-coordinate, orientation), with a lower
NFA, = 10723,

Fig. 7.8 Grouping in the space (z-coordinate,orientation). This time, the whole central group is
detected and is the only maximal meaningful group. (NFA, = 10~°-3). If grouping is done with
respect to full 2D-position and orientation, the central group is still the only detected group with
NFA, = 10723

7.5.2 DNA Image

The 80 objects in Fig. 7.9 are more challenging. More features are needed in order
to represent them (diameter, elongation, orientation, etc.). It is clear that a projec-
tion on a single feature is not enough to differentiate the objects. Globally, we see
three groups of objects: the DNA markers, which share the same form, size and ori-
entation; the numbers, all on the same line, almost of the same size, and finally the
elements of the ruler, also on the same line and with similar diameters. The position
appears to be decisive in the perceptive formation of these groups.

In the space (diameter, y-coordinate) 6 maximal meaningful groups are detected
(Fig. 7.10). Four of them correspond to the lines of DNA markers (from left to right
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Fig. 7.9 Animage of DNA and its 80 maximal meaningful level lines [51]

and top-down), — log;((NFA,) = 1.2, 6.1, 5.1, 4.3. The group of numbers contains
23 objects (a group of two digits sometimes contains three objects: the two digits
and a level line surrounding both of them) and —log,,(NFA,) = 41.7. The last
group, composed of the vertical graduation of the ruler contains 31 objects and is
even more meaningful: —log;,(NFA,) = 57.3.

000 00

00 00 9 0
e R § TR
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Fig. 7.10 Grouping with respect to diameter and y coordinate. Six groups are detected, 4 of
which are rows of DNA markers. The last two ones correspond to the ruler. —log,,(NFA ) range
from 1.2 to 6.1 for the DNA. The last two groups are larger and obviously more meaningful:
—log;o(NFA,) = 41.7 and 57.3
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Assume we gave up considering the position information. Would we still see
the DNA markers as a group? By taking several other features into account (see
Fig. 7.11), the DNA markers form an isolated and very meaningful group: the com-
bined features (orientation, diameter, elongation, convexity coefficient) reveal the
DNA markers as a very good maximal meaningful cluster (NFA, = 107'%). There
are two other interesting groups that are actually not detected, but whose NFA is
also close to 1: the 1’s and the 2’s on the ruler.

Let us detail how m, the law of the background model, was estimated from the
data themselves. The marginal distribution of each characteristic is approximated by
the empirical histogram. All the characteristics are assumed to be independent. Note
that the obtained distribution is not uniform at all. Why having this construction
instead of a uniform law? First, there would be the assumption that the range of
the data is known and it is not. Moreover, the distribution of each characteristic has
no reason to be uniform. Hence, contradicting a uniform background model would
produce detections caused by the discrepancy of the real distribution with respect
to the uniform one. Thus we must define a background law which is as realistic
as possible for each single observation. Let us now take the opposite view and ask
why we did not directly take the joint empirical law. Because of sparse samples it is
simply not possible to estimate this distribution. We would need at least one million
data points. In contrast estimating one dimensional laws is quite compatible with
the amount of data.

Fig. 7.11 Grouping with respect to orientation, elongation, diameter, and a convexity coefficient.
The DNA markers are the most meaningful group NFA, = 10719, Note that the 1 and 2’s, though
not meaningful groups, have NFA 4 only slightly larger than 1 (1.6 and 4.5)

7.6 Bibliographic Notes

Finding groups in a large data set is an active research field. It is involved in data-
mining, pattern recognition and pattern classification. The main clustering tech-
niques are presented in [170, 59, 55, 96] and will be shortly reviewed in the keynotes



7.6 Bibliographic Notes 149

(Sect. A.1). Dubes [58] and Milligan and Cooper [125] proposed solutions to the
choice of the number of clusters, which are related to the stopping rule in hierar-
chical methods. Bock [24] and Gordon [72, 73] are particularly interested in the
validity assessment. Their approach is close to an a contrario method: they define
a background model in which they measure the concentration of points. A uniform
model may not be the best method, but it may be useful to define a data-dependent
background model as done in the next chapter. The method of the present chapter is
directly inspired by Desolneux et al. method for detecting dots in an image [53].
In this method, a hierarchical classification of the set of dots is considered and
meaningful clusters are detected a contrario to a standard Poisson null model. A
maximality criterion was also defined but had several flaws that were taken into
consideration in this chapter. A very complete study of hierarchical segmentation
and representation is presented by Guigues in his Ph.D thesis [77] (in French).



Chapter 8

Grouping Spatially Coherent Meaningful
Matches

Structure means recognizing that unity is at the foundation of
everything. To say structure is also to say Abstraction:
geometry, rhythm, proportion, lines, planes, idea. These are
elements of work — they act, they form, they construct and gain
meaning through the law of unity.

Joaquin Torres-Garcia, Estructura.

Abstract This chapter is about forming coherent groups of matching shape ele-
ments. This grouping, sometimes called generalized Hough transform, is crucial for
virtually all shape recognition algorithms. It will be used for the main shape identi-
fication method treated in this book, namely the LLD, the MSER method in Chap. 9
and the SIFT method in Chap. 11. Each pair of matching shape elements leads to
a unique transformation (similarity or affine map). A natural way to group these
shape elements into larger shapes is to find clusters in the transformation space. The
theory in the previous chapter is immediately applicable. The main problem ad-
dressed here is the correct definition and computation of the background model .
This background model is a probability distribution on the set of similarities, or on
the set of affine transformations. In order to have accurate shape clusters, m must be
built from empirical measurements on observable shape matching transformations.
As in Chap. 5, the main issue is to compute accurately a density function in high
dimension (4 or 6) with relatively few samples. The found solution is analogous:
determine the marginal variables for which an independence assumption is sound.
Then the density functions of these marginal laws can be accurately estimated on
the data and yield an accurate background model.

8.1 Why Spatial Coherence Detection?

Figure 8.2 displays on the bottom left image a detail of Picasso’s painting Guernica
shown on the top left image (the original painting can be seen in Fig. 8.1). How-
ever, the painting is incomplete and partially occluded in the bottom image. It is
also deformed by perspective. Moreover, the compression rates are also different.
Figure 8.3 displays the LLDs common to these two images, both local and global,
with affine invariant encoding. It turns out that local LLDs are much more discrim-
inative. Indeed, since no restriction is made on the affine distortion, a lot of normal-
ized convex LLDs look quite the same. The matching pairs have been computed by
the method of Chap. 5. There are 94, whereas more global matches are due to quasi
convex LLDs.

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 151
(© Springer-Verlag Berlin Heidelberg 2008
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Fig. 8.1 Pablo Picasso’s Guernica. The choice of this masterpiece is related to Picasso’s technique
in this particular painting, that uses well contrasted strokes very accessible to a computer analysis
(see Fig. 8.2). ©Succession Picasso/VG Bild-Kunst, Bonn 2008

Fig. 8.2 Guernica experiment. Original images and maximal meaningful level lines. Top: query
image. Bottom: scene image. ©Succession Picasso/VG Bild-Kunst, Bonn 2008

The objective of this chapter is twofold: first, to prove that shape elements cor-
responding to a single shape can be accurately grouped together. Second, that this
grouping procedure is robust enough to discard all false matches. Incidentally, this
will dramatically reinforce the confidence in the more local previous detections. The
group NFAs are indeed usually very small.
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Fig. 8.3 Guernica experiment: meaningful matches, both affine invariant semi-local and global
encoding. The number of semi-local LLDs is 7440 in the first image and 6131 in the second one
(hence 4.6 107 tests). The number of globally encoded LLDs is 740 (resp. 897). There are very
few false matches for locally encoded shapes and their NFA is more than 0.4. The total number
of local (resp. global) matches is 94. (resp. 337). Globally encoded shapes yield many wrong
affine invariant matches that can be observed on the left hand part of the second image. This is
easily explained. All parallelograms are affine equivalent, and so are all triangles, or all ellipses.
©Succession Picasso/VG Bild-Kunst, Bonn 2008

The organization of this chapter is as follows. In Sect. 8.2, the parameterization
of similarities or general affine transformations is described. Section 8.3 applies the
general clustering ideas presented in Chap. 7 first by defining a dissimilarity mea-
sure between transformations, and then by defining a suitable background model for
the sets of transformations. A few experiments are also shown to illustrate the ideas.
Many more results will be given in the next chapter.

8.2 Describing Transformations

Let 7 and Z’ be two images, referred to as the query image and the scene image.
For each match between a shape element S in Z and a shape element S’ in 7', a ge-
ometric transformation (a similarity or an affine transformation) can be computed.
In what follows, the parameters involved in these transformations are described as
well as the way they can be estimated, both for the similarity and the affine trans-
formation cases.

8.2.1 The Similarity Case

This subsection specifies the grouping method for the LLD case. Of course any other
kind of shape element can be used provided matches yield candidate similarities or
candidate affine transformations. Let S and S’ be two matching LLDs. Recall that a
LLD is a normalized piece of level line described in a local frame. It is completely
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Fig. 8.4 Two pieces of level lines and their corresponding local similarity frames. The similarity
T maps R, into R} and Ry into R}

determined by two points, or equivalently a point and a vector. This last represen-
tation will be chosen. A local frame is then given by a couple (p, v) where p gives
the origin of the frame and v gives its scale and orientation. Assume that S is re-
lated to (p,v) and S’ to (p,v’). Since S and S’ match, they differ by a similarity
transformation. Now, there exists a unique similarity mapping the local frame (p, v)
onto (p’,v’) (see Fig. 8.4). By using complex numbers notation, this similarity can
be uniquely expressed as

/

VzeC, T(z) = az+b, witha = % and b = p’ — ap, (8.1

with (a,b) € C2.

8.2.2 The Affine Transformation Case

Consider the local affine invariant normalization described in Chap. 4. Affine nor-
malization of a piece of curve was done by mapping its local frame { Ry, Ro, R3}
onto the triplet {(0,0), (1,0), (0,1)}. Given another triplet {R}, R}, R;} of non
aligned points, there is a unique affine transformation mapping { Ry, Ra, R3} on
{R}, R}, R5}, again denoted by T. There exists a unique 2 X 2 matrix M and a
unique (Z,,t,) € R? such that

"
Y Ly
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Calculating M boils down to the solution of a 2 x 2 linear system. By the classical
QR decomposition [71], M can be written

M — cosf —sind\ (1 ¢\ [sz O . 8.2)
sinf cosf / \0 1/ \0 s,

This decomposition is unique and completely determines (6, ¢, s, s,,) in [0, 27) X
R x Ry x Ry. Let us denote by (zg,,yr,) and by (2’ , %, ) the pair of coor-
dinates of Ry and R/ respectively and by (m;;) the coefficients of M. Then the
transformation parameters 7' = (0, ¢, sz, Sy, to,t,) can be computed by means of
the following formulas

0 = arctan(may /ma2),

Y = (m11m12 + mzlmzz) / (m11m22 - m12m21) ,

_ /o2 2
Sy =4/ M7y + M3,

_ /2 2
sy = (mi1maa — miamar) //mi; +m3y,

ty lel YR,

The vector T characterizes the transformation T. Unambiguously one can adopt
the same notation for similarities or affine transformations. In addition, since 1T
characterizes T, both of them can be identified. Thus write for X € R?, T(X)
instead of T'(X).

Figure 8.5 shows three 2-D projections of the transformation points 7} corre-
sponding to the Guernica affine invariant meaningful matches (Fig. 8.3).

(8.3)

8.3 Meaningful Transformation Clusters

The problem of planar shape detection is by now reduced to a clustering problem in
the transformation space. According to Chap. 7, it is necessary to define

1. A dissimilarity measure between points in the transformation space;
2. A probability on the space of transformations;
3. A grouping strategy.

8.3.1 Measuring Transformation Dissimilarity

Defining a distance between transformations is not trivial for two reasons. First, the
magnitudes of the parameters of a transformation are not directly comparable. This
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Fig. 8.5 Guernica experiment: each point represents a transformation associated with an affine
invariant meaningful match, described by 6 parameters. Each figure represents a two-dimensional
projection of the points, respectively ¢, vs. t, (translation coordinates),  (rotation) vs. ¢ (shear),
and In(sz) vs. In(sy) (zooms in the = and y directions). The noise is mainly due to similar global
LLDs, which do not belong to the same real shape. The main cluster is also spread out because of
the perspective effect. ©Succession Picasso/VG Bild-Kunst, Bonn 2008

problem is not specific to transformation clustering but general to clustering of any
kind of data, as discussed in Sect. A.1. Second, our representation of similarities or
affine transformations does not behave well in a vector space. A sound distance is
not necessarily derived from a norm.

Definition 17 (similarity case). Let T (resp. T") be the similarity determined by
two shapes elements (S, S2) (resp. (S7,S5)). Let also (Ry, Ra) (resp. (R}, R5))
be the points determining the local frame of Sy (resp. S7). We call dissimilarity
measure of T, T",

ds(T,T') = max {||T(R;) = T'(R) ||, |T(R;) = T'(R})ll, i € {1,2}}. (8.4)
Lemma 8. The function dgs is non negative, symmetric and satisfies
ds(T, T =0T =T".

Proof. The first two properties are obvious. Since a similarity is uniquely defined by
the images of two points, the last property follows. Remark that dg is not a distance
since the triangle inequality does not hold. O
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For the sake of completeness, let us define a dissimilarity function between affine
transformations.

Definition 18 (affine case). Let T (resp. T”) be an affine transformation deter-
mined by two shapes elements (S1, Sz) (resp. (S7, S5)). Letalso (R1, Re, R3) (resp.
(R}, RS, RY)) the points determining the local frame of Sy (resp. S7). We set

da(T,T") = max {|T(R;) — T'(R:)|, |IT(R;) = T"(R)]|, i € {172’3}}(-8 5

8.3.2 Background Model: the Similarity Case

In order to apply the detection framework of Chap. 7, a background law is first
needed. A data point here is a similarity transformation represented by a pair of
complex numbers (a,b) € C2. The purpose of this section is to devise a sound
background law 7 on the set of similarity transformations. With this in aim, recall
that (a, b) is determined by two local frames in the images to be matched, respec-
tively (p,v) and (p’,v"). Let us now assume that these observations are the real-
ization of a random variable (P, V, P’, V') € C*. It is natural to assume that the
position, the size and the orientation of an object are independent. This is certainly
sound up to some border effects. In addition, two images which do not contain com-
mon shapes also can be assumed independent. This leads us to take to the following
independence assumption for the background model.

(A°) Consider a random model image T and a random scene image T'. Then the
random variables P,|V |, arg V, P, |V'|,arg V' associated with (necessary casual)
matches between both images are mutually independent.

The marginal laws of the six previous random variables are easily learned from
the two images. Hence the law of (P, V, P’, V') is assumed to be known. By (8.1)
such a 4-tuple uniquely defines a random similarity pattern denoted by (A, B)
where A represents the rotation and zoom, and B the translation. The background
law 7 is nothing but the distribution of (A, B). The expression of (A, B) as a func-
tion of (P, V, P’, V') is explicit and given by

VI V/
A, B): (P, V,P V' —, P ——P|.
(A.B): - (V-5
The background law 7 is the image of the law (P, V, P’, V') by this application. It
is also clear that A and B are not independent. Nevertheless, by definition of the

conditional law,
dr(a,b) = drP(b|A = a) dn’(a), (8.6)

where 74 is the marginal of A and 75(-|A = a) is the law of B knowing A = a.
Since |A| = |V’|/|V] and arg A = arg V' —arg V' mod (27), these two variables
are independent under Assumption (A’). Thus, the distribution 74 can easily be
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computed. Moreover, it turns out that A is independent from P and P’. Hence, the
law of B = P’ — AP, conditionally to A = a is the law of P’ — a P, which can also
be easily computed under (A’). The background law 7 follows from (8.6).

In practice, the computation of 7 between two images is as follows:

1. Extract all the shape elements of query and scene images;

2. Compute the empirical laws of P, V, P’, V' giving the position, the scale and
the orientation of the local frames related to shape elements in the two images.
Under the independence assumption (A”), this yields the law of the background
model (P,V, P",V');

3. Under the same assumption, compute the empirical laws of |A| =

arg A =argV’ —argV mod (27);
4. For each value a of A with non null frequency, compute the empirical distribu-
tion of P’ — aP.

The probability of a region R is then given by approximating the integral

m(R) = /Rde(b|A = a)dr?(a).

A few words about the estimation of the background model: One would expect
arg A to be uniformly distributed in [—m,7), and this belief was experimentally
confirmed, although the horizontal and vertical directions may sometimes be priv-
ileged. (See Fig. 8.6 and experiments.) The distribution of the zoom factor |A] is
instead far from being uniform or even showing a constant shape in the different
experiments we have made. There is no way to figure out a realistic a priori dis-
tribution for |A|, or for B given A. The background model distributions must be
learned from the scene and query images.

Remark 6. The ideas presented here also hold for the affine transformation cluster-
ing. For this case, 0, ¢, s, and s, are considered to be mutually independent. Their
distributions can be learned empirically as well as the joint probability of (¢,,t,)
given (6, ¢, 4, s,). This construction, experimentally satisfying though it is (see
next chapter), has no right theoretical justification. The problem of finding the right
independent marginal variables in the affine case is left open.

8.4 Experiments

The consistency of the previous definitions is now briefly checked. The next chap-
ter contains many more experiments. All the experiments will be performed with
a pair of images. The steps leading to a complete experimental setting for shape
identification are:

1. The method of Chap. 5 is first applied and yields a set of M pairs of matching
LLDs, one in the query image and one in the scene image;
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Fig. 8.6 Empirical histograms for affine invariant matching for the experiment of Figs. 8.2 and 8.3.
In the first row, the empirical zoom factors in the = and y direction (logscale), which are image
dependent. In the second row, the distribution of the shear and the rotation angle. The shear is
basically uniform, but the rotation exhibits some peaks around — 5 and 7 because of the numerous
horizontal and vertical lines in the image

2. A background model 7 on the set of similarities or on the set of affine transfor-
mations F is built using the method of the present chapter;

3. The transformations 77, ..., Ths associated with the matching pairs are used
to form a point data set in F. From this set, a clustering tree is built according to
the dissimilarity measures of Def. 17 (similarity case) or Def. 18 (affine case).

4. Maximal groups are computed by Def. 16.

The final outcome of the shape identification method of this book for each pair of
images is a set of maximal meaningful clusters. Each cluster is likely to correspond
to an identified shape. One can display for each cluster its associated LLDs. If the
grouping is correct, this set of LLDs must correspond to a matching shape in both
the query image and the scene image. In practice, the identified shapes have dramat-
ically low NFAs. Thus, they yield an overwhelming certainty about identification.
This certainty is, however, not fully unambiguous because of a stroboscopic effect.
Indeed shapes often have self-similar parts: windows, or rows of windows in a build-
ing are a good example. Other examples are produced by symmetric shapes. For
instance, the letter N is self-similar by a 7 rotation. In some cases, two or more very
meaningful groups can be found, each one corresponding to a shape self-similarity.
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Fig. 8.7 Guernica experiment: a single maximal meaningful group was detected. Matches of the
group for the query image (left) and the scene image (right). The group is composed of 117 good
matches and its —log,4(NFA ) is 196.2. ©Succession Picasso/VG Bild-Kunst, Bonn 2008

Such self-similarities can, however, easily be anticipated by a previous comparison
of the query image with itself. This comparison can be performed by the above al-
gorithm. The main group will then correspond to the global match of the shape with
itself and the other groups to stroboscopic effects.

Figure 8.7 depicts the maximal meaningful groups for the Guernica experiments.
There is one single maximal meaningful group, with —log,,(NFA,) = 196.2. The
best match between shape elements has a NFA about 4.16 10~'2. Hence grouping
dramatically increases confidence in detections while all the false matches are elim-
inated. Marginals of the estimated background law were already shown in Fig. 8.6.
This figure shows the learned distribution of the zoom factors in the x and y di-
rections as well as the shear and rotation angle. The latter is not perfectly uniform
in this case, because the vertical and horizontal directions are privileged in these
geometrical images. Figure 8.8 shows the maximal meaningful cluster.

Now we consider the problem of finding common groups of shapes between the
pair of images in Fig. 8.9. The same procedure is applied, in its similarity-invariant
version. Two maximal meaningful groups are detected: the faces and the title. The
corresponding points in the similarity space are displayed on Fig. 8.10. The two
groups with their different translation and their different scaling are clearly visible
this time.

The clustering algorithm decides that two separate groups (the actors’ faces on
the one hand and the word “Casablanca” on the other hand) are a better represen-
tation than a single large group containing both groups. Indeed, the large group in
Fig. 8.11 has a NFA, of 10739, which is larger than the NFA, of one of its chil-
dren (whose values are 10732-8% and 10~17-62). It follows from Def. 16 (Chap. 7)
that the large group cannot be maximal. Still, one could argue that, since the values
107319 and 10732-%5 are extremely close, the robustness in this decision does not
seem to be in agreement with the situation depicted in Fig. 8.10, were the separation
between the two detected maximal meaningful clusters seems to be quite large. Ac-
tually, the strong condition in this example, that prevents the large group from being
maximal, is indivisibility. Indeed, by comparing the product of the children’s NFA,



8.5 Bibliographic Notes 161

400
300
200 i :

~100 . s I

100

200

300

400

500 400 -a00 200 -100 0 100 200 300 400 500 Tl -3 -2 -1 o 1 2 3 4

Fig. 8.8 Guernica experiment: transformation points of Fig. 8.5, where the points corresponding
to the only affine invariant group are represented with larger dots. The boundaries of the corre-
sponding hyperrectangle are drawn. The rest of the points are considered to be isolated and do not
belong to any group. ©Succession Picasso/VG Bild-Kunst, Bonn 2008

with the large group’s NFA 4, Prop. 11 (Chap. 7) is sufficient to state that the latter
one is not indivisible, by far, and thus cannot be maximal.

The examination of the transformation histograms (Fig. 8.12) shows that the rota-
tion angle is nearly uniformly distributed. The zoom factor, on the other hand, does
not have an intuitive distribution. The translation has to be learned conditionally to
the rotation and the zoom. The last two plots are the two-dimensional distribution of
the translation, conditioned by the rotation and zoom of the two detected maximal
meaningful groups. As can be seen, these distributions are not simple and cannot be
deduced from one another by a single scaling.

8.5 Bibliographic Notes

The use of spatial coherence for shape or object detection has been the subject of in-
tensive research, in particular since Ballard’s work on the generalized Hough trans-
form [14]. In his paper, Ballard proposed a method extending the Hough transform
to any kind of planar shape not necessarily described by an analytic formula. Stock-
man [169] presented another early work based on the same principle (recognizing a
query shape by finding clusters in the transformation space) where he introduced a
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8 meaningful matches, — log;((NFA,) = 17.62

Fig. 8.9 Casablanca experiment: there are exactly two maximal meaningful groups, corresponding
to the faces and the title. The relative scale of the images presented above is the same as the original
one. One should note that the faces and the title actually lie in different relative positions and scales
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Fig. 8.10 Casablanca experiment: meaningful clusters in the similarity space. Left: projection on
the translation dimensions. Right: projection on the rotation and zoom (log scale) axes. In this case,
two clusters are clearly visible. Their position but also their scale are different

coarse to fine technique reducing the search complexity. Other voting schemes, like
Geometric Hashing [184, 102] or the Alignment method [89], are frequently used
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Fig. 8.11 Casablanca experiment. Meaningful group corresponding to the merging of groups in
Fig. 8.9. This group contains 20 meaningful matches, and its —log;,(NFA,) is 31.9. According
to Definition 15 and following Prop. 11, it is not indivisible and cannot be maximal
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Fig. 8.12 Empirical histograms for similarity invariant matching for the experiment in Fig. 8.9. On
the first row the log-empirical zoom factor In(s) and the rotation angle 6. This last one is nearly
uniform in this case. On the bottom row the distribution of the translation vector, conditioned by

two different values of the couple (In(s), 0

). These values correspond to the two maximal groups

that are depicted on Fig. 8.9. Since the scales are different, so are the distributions

for detection or recognition. They are computationally more expensive and can be
less accurate. In [75, 76] Grimson and Huttenlocher presented a study on the likeli-
hood of false peaks in the Hough parameter space. Their work inspired the detection
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method adopted in this chapter. They indeed proposed a detection framework where
recognition thresholds are derived from a null model (the conspiracy of random-
ness). Previous recognition methods generally associated a single threshold with
each query image, independent of the scene complexity. In contrast to these meth-
ods, the grouping thresholds derived in this chapter satisfy an important property:
they are functions of the scene complexity and of the uncertainty in feature extrac-
tion. The method of the present chapter took these fundamental ideas from Grimson
and Huttenlocher’s work. The computational swiftness is obtained by hierarchically
representing the transformation points. The definition of a data-dependent back-
ground model is crucial for avoiding false clusters: Grimson and Huttenlocher’s
method assumes that matched features are uniformly distributed in the image. This
assumption is usually not valid. See [147].

Finding groups in data sets is a major problem in many fields such as statis-
tical pattern recognition, image processing, or data mining. Grouping phenomena
are probably essential in human perception. In vision, the grouping phenomenon
was thoroughly explored by the Gestalt school. The seminal paper on this problem
is Wertheimer [179] . In Computer Vision, the first attempts to model a computa-
tional perceptual organization date back to Marr [116]. More recently Lowe [112]
proposed a detection framework based on computing accidental occurrences. He
writes:

In other words, one can shift our attention from finding properties with high prior expecta-
tions to those that are sufficiently constrained to be detectable among a realistic distribution
of accidentals.[...] Even when we ignore the ultimate interpretation for some grouping and
therefore its particular a priori expectation, we can judge it to be significant based on the
non-accidentalness criteria.

Lindenbaum’s beautiful paper [106] proposed to evaluate a priori the performance
of any invariant shape recognition device. For this author, a shape can be distin-
guished if and only it occurs with very small probability in the random background.
The author gives a lower bound on the number of points % in the shape ensuring
recognition. This lower bound depends on the number of points N in the back-
ground, the accuracy d of the recognition, the required invariance and ¢, the allowed
error probability for each test. Unfortunately, the shape model assumed by the au-
thor is not quite realistic. For him, a shape is a cluster of points concentrated around
some curve representing the shape’s boundary and the background is modelled as a
Poisson noise with lower density.

In [23], the authors have proposed a probabilistic compositional model for shape
recognition. In their vision model, visual primitives are recursively composed, sub-
ject to syntactic restrictions, to form tree-structured objects. The involved compo-
sitional rules have a structure close to Chomsky’s grammars. To take a simple but
significant example of syntactic rule:

alignment + alignment — alignment,

with the restriction that both alignments are themselves aligned. From the proba-
bilistic viewpoint, the source of inspiration of this theory is very close to our own
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aims. This is best illustrated by the following quotation from Laplace’s Essay on
Probability which we take from [23].

On a table we see letters arranged in this order, Constantinople, and we judge that this
arrangement is not the result of chance, not because it is less possible than the others, for
if this word were not employed in any language we should not suspect it came from any
particular cause, but this word being in use amongst us, it is incomparably more probable
that some person has thus arranged the aforesaid letters than this arrangement is due to
chance.

Laplace is assuming a contrario that any combination of the 26 alphabet letters
would be equally likely. Now, a modern dictionary contains not more than 10°
words. The number of possible words with 14 letters like Constantinople in the a
contrario model is about 2.4 10'°. Thus the probability of the group Constantinople
happening just by chance is less than 10~ in the a contrario model.



Chapter 9
Experimental Results

Abstract In this chapter we illustrate a complete and parameterless recognition
process by presenting many experiments with manifold image kinds. The whole
algorithm is concisely described in Appendix B.1.

9.1 Visualizing the Results

Almost all the experiments presented in this chapter are illustrated in a uniform
format. The list below gives the format and summarizes the steps of the complete
recognition algorithm.

1. The two original images.

2. The smoothed maximal meaningful boundaries of the original images, extracted
using the algorithm described in Chap. 2, then smoothed with Moisan’s imple-
mentation of the affine curve shortening equation (Chap. 3.3).

3. Detection of meaningful matches between LLDs. We consider here the
1-meaningful matches, despite the fact that a few of them may correspond to
false detections. Indeed, as seen in Chap. 5, the constraints imposed by the
encoding methods and by the non-intersection of level lines introduce a certain
amount of dependence between the distances used as features in the background
model (which were assumed to be independent). Thresholding the NFA at 0.1
empirically ensures that no detection occurs in white noise images. However,
since the detection of meaningful matches is followed by a grouping process
based on spatial coherence, in the experiments these few false matches are kept
in order to test the robustness of the grouping algorithm.

A fundamental hypothesis for the a contrario detection of groups is that un-
der the background model transformation points are mutually independent. In
order to comply with this hypothesis, a greedy algorithm eliminates matched
LLDs which share a large piece of curve with other LLDs presenting lower
NFA. More precisely if a pair of LLDs (Sy,S7) is an £1-meaningful match, and
there exists another pair (Sz, S5) matching £5-meaningfully, with e5 < £1, such

F. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 167
(© Springer-Verlag Berlin Heidelberg 2008
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that S; shares at least half of its length with Sa, and the same for S7 and S5,
then the pair (S1, Sy) is eliminated from the output list of matches.
The detection of 1-meaningful matches is illustrated by superimposing the
matched LLDs to the original images.

4. Grouping of spatially coherent meaningful matches. For each meaningful group
of matches thatis detected (the maximal 1-meaningful groups defined in Chap. 8),
four images are shown.

e The LLDs that match within a group are shown, superimposed to the original
images.

e Given the set of transformations corresponding to the matches within a
group, the best affine or even projective transformation (in the least squares
sense) that maps the LLDs in the query image to the ones in the scene im-
age is computed. Then the query image is mapped using this transformation.
The superposition of the transformed query image and the scene image is
presented.

o All the pieces of meaningful level lines of the two registered images are then
submitted to a visual check. To this purpose, let us fix two values [ and d.
Let C; and C'y be two pieces of level lines with the same length [ parameter-
ized by the length parameter. If for all s € (0,1), |C1(s) — C2(s)| < d then
display C and Cs.

9.2 Experiments

The detection framework and the algorithms presented in this book are completely
general and can be applied to any kind of images. Besides the Guernica and
Casablanca experiments, this section gives some examples of different kind and
nature, all similarities (or affinities). All experiments were done using the single-
linkage algorithm (see Keynotes A.1.3).

9.2.1 Multiple Occurrences of a Logo

This example illustrates the performance of the proposed methodology in detecting
multiple groups in an image. Two images containing occurrences of the Coca-Cola
logo are compared in Fig. 9.1. Figure 9.2 shows the meaningful matches, both lo-
cally and globally encoded with the affine invariant method. They lead to points in
the 6-dimensional space clustered by the single linkage method. Maximal mean-
ingful groups appear in three projections in Fig. 9.3. Five groups are detected and
are all correct. The corresponding LLDs are displayed for each group in Fig. 9.4.
Figures 9.5 and 9.6 show the registration results of the query image into the scene
image, for each maximal meaningful group.
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Fig. 9.1 Coca-Cola experiment: original images and maximal meaningful level lines. Top: query
image. Bottom: scene image

Fig. 9.2 Coca-Cola experiment: meaningful matches with local encoding (top) and global encod-
ing (bottom). Number of tests: 1.57 107 (590 LLDs in the query image, 26,620 in the scene
image). There are 133 meaningful local matches and 1,002 global matches. The best match has
NFA = 8.4 10712
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Fig. 9.3 Coca-Cola experiment: maximal meaningful groups and projections of the corresponding
regions. Their — log,(NFA,) is respectively 19.4, 13.5, 3.7, 1.9 and 0.6. The first image corre-
sponds to the projection on the (t;,t,) plane, where the groups are clearly separated. The second
plot displays the rotation 6 against ¢ (shear). Finally the last figure depicts the zoom in the « and
y coordinates in the normalized frame (logarithmic scale). Identifying those groups in the point
clouds is not easy. The points that belong to a maximal meaningful group are represented with
larger dots. The rest of the points are considered to be isolated and do not belong to any group
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Fig. 9.4 Coca-Cola experiment: the five maximal meaningful groups. Their —log,y(NFA,) is
respectively 19.4, 13.5, 3.7, 1.9 and 0.6, and the number of matches they contain is respectively
15,7,5,6 and 4
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Fig. 9.5 Coca-Cola experiment: superposition of the logo onto the image for the first three groups.
A mean planar projective transformation is computed for each group of transformations by using
a linear regression. Another practical way to check the validity of the transformation is to display
all the pieces of maximum meaningful level lines that are everywhere close to each other after

registration (in practice pieces of length 40 at distance less than 4)
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Fig. 9.6 Coca-Cola experiment: superposition of the logo onto the image for the last two groups.
See caption of Fig. 9.5

9.2.2 Valbonne Church

Figure 9.7 shows two different views of the Valbonne church with their correspond-
ing maximal meaningful level lines. The meaningful matches between these two
views up to similarity invariance are shown in Fig. 9.8. Some of them are false
matches, but all of them showed a NFA larger than 0.1, as predicted by the exper-
imental results in Chap. 5. There are also some casual matches that correspond to
the same structures in the images. Figure 9.9 displays the only detected maximal
meaningful group (see caption for details). A global affine transformation was esti-
mated from this group by means of a least squares procedure, over the corresponding
matched LLDs. This transformation was used to map the query image into the scene
image (Fig. 9.10). The superposition of the transformed query image and the scene
image shows that the estimated affine transformation is a good approximation to the
actual projective transformation.
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Fig. 9.7 Two frames of the Valbonne church sequence, with its corresponding meaningful level
lines. The image on the top was taken as query image

Fig. 9.8 Valbonne church: 81 meaningful matches were found, for 14,710 LLDs in the query image
and 18,413 in the scene image. All false detections have NFA larger than 0.1. The best match has
NFA = 2.98 10712
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Fig. 9.9 Valbonne church: a single maximal meaningful group is detected. All false matches and
spatially incoherent matches are rejected. The group contains 35 (similarity invariant) meaningful
matches and — log;((NFA,) = 84.8

Fig. 9.10 Valbonne church: registration of the images computed from the maximal meaningful
group. On the right, the matching pieces of level lines. On the bottom right of the image some
straight lines appear, because of the coincidental superposition of the lower and upper parts of the
gate after registration

9.2.3 Tramway

The next experiment shows that the grouping procedure naturally induces a back-
ground/foreground separation. The two images to be matched, displayed in Fig. 9.11,
are frames from a movie. Results are shown in Figs. 9.12 to 9.14. See captions for
details.
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Fig. 9.13 Tramway images: the two maximal meaningful groups. The first one corresponding to
the background contains 220 matches, and — log;o(NFA,) = 643.7. The second one is the train
with 15 matches and — log;o(NFA,) = 11.9
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Fig. 9.14 Tramway images: registration with respect to two maximal meaningful groups. The
first set of lines corresponds to the background. Notice the outer contour of the train. This is a
consequence of the well-known aperture problem in optical flow computation: The visual motion
cannot be determined in the direction of the level lines since this does not result in any change in
the image. The counterpart is visible on the bottom images, where the motion of (static) cables
cannot be separated from the motion of the tram

9.3 Occlusions

This section describes an example where the region of interest in the scene is oc-
cluded by the foreground. The images are two photographs of the painting Las Meni-
nas by Veldzquez. One is taken from the Web, and the other was shot directly in the
Museo del Prado in Madrid. As can be seen in Fig. 9.15, the bottom image is par-
tially occluded by people contemplating the painting. Colors and the illumination
are completely different. Nonetheless, maximal meaningful level lines are quite in-
sensitive to this change. This empirical statement will be proved by the matching
and the grouping phase. The top image is the query and its shape content is sought
for on the bottom image. In this experiment, the similarity version of the recogni-
tion method was used. Figure 9.16 shows the detected 1-meaningful matches be-
tween LLDs. The best match shows an NFA of 4.1 10~ !4, Here again, the few false
matches that were found have their NFA above 0.1.
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Fig. 9.15 Las Meninas experiment. Top row: query image and its maximal meaningful boundaries.
Bottom: scene image and maximal meaningful boundaries

Fig. 9.16 Las Meninas experiment: 1-meaningful matches. The NFA of the best match is
4.110~ . Some false detections can be observed. All of them are due to global matches between
nearly convex pieces
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A single maximal meaningful group was detected. This group contains 70 spa-
tially coherent meaningful matches, and its —log,;,(NFA,) is 226.70. Figure 9.17
shows the matched LLDs that are within the group.

Fig. 9.17 The 70 matched LLDs within the spatially coherent group. All false matches have been
rejected. The value of —log;y(NFA,) of the group is 226.70

The Las Meninas experiment shows as usual the superposition of the registered
query image and the scene image (Fig. 9.18). The registration is very accurate, as
can be seen in the pieces of level lines that are common to the two images. Nearly
all the shape content is matched in this case.

Fig. 9.18 Las Meninas experiment. Left: superposition of the scene image and the transformed
query image. Right: comparison of pieces of level lines

9.4 Stroboscopic Effect

In our last example, we will find groups of spatially coherent meaningful matches
between the two images shown in Fig. 9.19. The meaningful matches between LLDs
are displayed in Fig. 9.20. Three maximal meaningful groups are detected; their
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NFA, are reported in Tab. 9.1. The LLDs in each group and the registration re-
sults are shown in Fig. 9.21 and 9.22 . The most meaningful detection is of course
overwhelming, with 169 matches and —log;0(NFA,) = 534.8. The other two
groups correspond to stroboscopic effects, and their detection is also very mean-
ingful. These detections are completely legitimate since they correspond to large
repeating parts of the image.

Fig. 9.19 Roundabout images

Fig. 9.20 Roundabout images and meaningful matches. There are 274 local matches, and 645
global ones

Table 9.1 Roundabout images. Number of matches and NFA 4 of the meaningful groups (in the
order depicted in Fig. 9.21)

Group nb. 1 2 3
nb. of matches | 169 | 12 | 17
—log;o(NFA,)|534.8|76.81[46.2
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Fig. 9.21 Roundabout images. There are three maximal meaningful groups. The NFA, and the
number of matches are reported in Tab. 9.1. All these groups are correct. The last two ones are due
to the local self-similarity of the image



182 9 Experimental Results

Fig. 9.22 Roundabout images. Left: superposition of the two images when the first one is mapped
onto the second one by the planar projective mapping computed from maximal meaningful groups.

The superposition of the two images is brighter in the overlapping area. On the right: pieces of level
lines which coincide for both images



Chapter 10
The SIFT Method

Abstract In this chapter and in the next one, we describe one of the most popular
shape descriptors, Lowe’s Scale-Invariant Feature Transform (SIFT) method [114].
In continuation we will perform a structural and practical comparison of the SIFT-
based matching method with the Level Line Descriptor method (LLD) developed in
this book. The LLD method in fact includes the features of the recent, also popular,
MSER method. Comparing SIFT and LLD is not an easy task, since they are of
different nature. On the one hand LLD is based on geometrical shape descriptors,
rigorously invariant with respect to similarity or affine transformations. Moreover,
the method comes with decision rules, either for matching or grouping. On the other
hand, SIFT descriptors are local patches which are based on key points and which
are just similarity-invariant. The comparison will be based on ad hoc experimental
protocols, in the spirit of the SIFT method itself. These protocols check the robust-
ness of local descriptors to all perturbations listed in Sect. 1.2 (Chap. 1).

We start with a comprehensive description of the SIFT shape encoding (Sect. 10.1).
Then we compare robustness and stability of both shape descriptors (Sect. 10.2).
Sect. 10.3 compares the matching performances of both algorithms on pair of im-
ages having similar shapes or obtained by photographing the same scene under
different viewpoints. The main focus of the book is the computation of matching
thresholds. In the SIFT method the thresholds are learned from the pair of images.
We shall see that obvious matches can be missed when the query shape appears
more than once in the searched image. In the next chapter a fusion of SIFT and of
the a contrario techniques both for matching and grouping will be proposed.

10.1 A Short Guide to SIFT Encoding

SIFT encoding is a procedure that enables one to extract local information from
digital images. This procedure was introduced by Lowe in 2004 [114] and is now
used in many computer vision applications. SIFT stands for Scale Invariant Fea-
ture Transformation: It consists in normalizing local patches around robust scale

E. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 185
(© Springer-Verlag Berlin Heidelberg 2008
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covariant image key points. Lowe claims that 1) his descriptors are invariant with
respect to translation, scale and rotation, and that 2) they provide a robust match-
ing across a large range of affine distortions, change in 3D viewpoint, addition of
noise, and change in illumination. In addition, being local, they are robust to occlu-
sion. Thus they match all requirements for shape recognition algorithms listed in
Sect. 1.2 (Chap. 1) except one: affine invariance.

This preliminary section is dedicated to the description of this encoding algo-
rithm, which consists of four steps: detection of scale-space extrema (Sect. 10.1.1),
accurate localization of key points (Sect. 10.1.2), orientation assignment (Sect. 10.1.3),
and descriptor building (Sect. 10.1.4). We also briefly discuss the way SIFT descrip-
tors can be compared (Sect. 10.1.5).

10.1.1 Scale-Space Extrema

Following a classical paradigm, stable points of interest are supposed to lie at ex-
trema of the Laplacian of the image in the image scale-space representation. The
scale-space representation introduces a smoothing parameter o, the scale, and con-
volves the image with Gaussian functions of increasing standard deviation o.

Thus digital images are smoothed at several scales: L, = G, x I, where

. o 1 7(m2+y2)/202
G, =G(z,y,0) = L
is the 2D-Gaussian function with integral 1 and standard deviation ¢. The no-
tation % stands for the convolution. By a classical approximation inspired from
psychophysics [116], the Laplacian of the Gaussian is replaced by a Difference of
Gaussians at different scales (DOG). Extrema of the Laplacian are then replaced by
extrema of DOG functions: D, = Ly, — L., where k is a constant multiplicative
factor. Indeed, it is easy to show that D, is an approximation of the scale-invariant
Laplacian:
D, =~ (k—1)0?AG, % I.

In the terms of David Lowe:

The factor (k—1) in the equation is constant over all scales and therefore does not influence
extrema location. The approximation error will go to zero as k goes to 1, but in practice we
have found that the approximation has almost no impact on the stability of extrema detection
or localization for even significant differences in scale, such as k = /2.

To be more specific, one has

D(x,y, U) = (G(z,y, k;U) - G(cc,y,a)) *I(ac,y) = L(x7y7k0) - L(Z‘, y,a)

The relationship between D and o AG can be understood from the heat diffusion equation
(parameterized in terms of o rather than the more usual t = o2):
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0G
— =o0AG.
do
From this, we see that AG can be computed from the finite difference approximation to
0G /0o, using the difference of nearby scales at ko and o:

8£ ~ G(‘Ivyv kO’) — G($7y70-)

AG =
7 do ko — o

and therefore,
G(z,y, ko) — Gz, y,0) = (k—1)02 AG.
This shows that when the difference-of-Gaussian function has scales differing by a

constant factor it already incorporates the o2 scale normalization required for the scale-
invariant Laplacian.

This leads to an efficient computation of local extrema of D by exploring neigh-
bourhoods through a Gaussian pyramid (see Figs. 10.1 and 10.2).

Scale
(next
octave)

Scale
{first
octave)

Difference of
Gaussian Gaussian (DOG)

Fig. 10.1 Gaussian pyramid for key points extraction (from [114])

10.1.2 Accurate Key Point Detection

In order to achieve sub-pixel accuracy, the interest point position is slightly cor-
rected thanks to a quadratic interpolation. Let us call xq the current detected point
in scale space, which is known up to the (rough) sampling accuracy in space and
scale. Notice that all points x here are space coordinates supplemented with a scale
coordinate. Let us call x; = x( + ¥y the real extremum of the DOG function. Let us
assume that y is small. The Taylor expansion of D, yields
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Fig. 10.2 Neighborhood for the location of key points (from [114]). Local extrema are detected by
comparing each sample point in D, with its eight neighbors at scale o and its nine neighbors in
the scales above and below

9 (Dy(x0))" 1 1 0°D,
Ds(x0 +y) = Do(x0) + T(Xo)y + in 2

(xo)y +o(ly[I*),

where D, and its derivatives are evaluated at an interest point and x denotes an
offset from this point. Since interest points are extrema of D,,, setting the derivative

to zero gives:
0?D, 10D,
y=- (é):r?) (x0) o (x0),

which is the sub-pixel correction for a more accurate position of the key point of
interest.

Since points with low contrast are sensitive to noise, and since points that are
poorly localized along an edge are not reliable, a filtering step is called for. Low
contrast points are handled through a simple thresholding step. Edge points are
swept out following the Harris and Stephen’s interest points paradigm. Let I be
the following Hessian matrix:

sz Dmy
Dyy Dy,

H =

The reliability test is simply to assess whether the ratio between the largest eigen-
value and the smaller one is below a threshold 7. It springs to check:

Te(H)?  (r +1)2
Det(H) = 5

10.1.3 Orientation Assignment

Up to this point, key point extraction is scale-invariant. In order to extract rotation-
invariant patches, an orientation must be assigned to each key point. Lowe proposes
to estimate a semi-local average orientation for each key point. From each sample
image L, gradient magnitude and orientation is precomputed using a 2 X 2 scheme.
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An orientation histogram is assigned to each key point by accumulating gradient ori-
entations weighted by 1) the corresponding gradient magnitude and by 2) a Gaus-
sian factor depending on the distance to the considered key point and on the scale.
The precision of this histogram is 10 degrees. Peaks simply correspond to dominant
directions of local gradients. Keypoints are created for each peak with similar mag-
nitude, and the assigned orientation is refined by local quadratic interpolation of the
histogram values.

10.1.4 Local Image Descriptor

Once a scale and an orientation are assigned to each key point, it is possible to
extract similarity-invariant patches. The main problem is to extract robust patches.

Gradient samples are accumulated into orientation histograms summarizing the
contents over 4 x 4 subregions surrounding the key point of interest. Each of the 16
subregions corresponds to a §-orientations bins histogram, leading to a 128 element
feature for each key point (see Fig. 10.3). Two modifications are made in order
to reduce the effects of illumination changes: histogram values are thresholded to
reduce importance of large gradients (in order to deal with a strong illumination
change such as camera saturation), and feature vectors are normalized to unit length
(making them invariant to affine changes in illumination).
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Fig. 10.3 Example of a 2 x 2 descriptor array of orientation histograms (right) computed from an

8 x 8 set of samples (left). The orientation histograms are quantized into 8 directions and the length
of each arrow corresponds to the magnitude of the histogram entry. (From [114])

10.1.5 SIFT Descriptor Matching

Even for highly distinctive key point descriptors, Lowe admits that many false
matches can be seen in the case of cluttered images. He proposes to address this
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problem by a Generalized Hough Transform step, in order to identify subsets of
matching key points that also agree on location, scale, and orientation. He also pro-
poses an alternative option, which consists in selecting the matches by thresholding
the ratio between the distance from the query match to the first closest database
match and the distance from the query match to the second one. This ensures the
selected matches to be clearly separated from the clutter. An obvious drawback is
that no repeated match can be detected.

The SIFT method is a priori perfectly similarity invariant and turns out to be, as
we will see, robust to moderate affine transformations. Before passing to compara-
tive experiments, let us point out that, according to Lowe, the elimination of outliers
still is a problem. The SIFT method empirical threshold performs reasonably, but
breaks down when several similar shapes are present (this is what we called the stro-
boscopic effect). Thus, we will demonstrate in the next chapter that an a contrario
method can secure SIFT descriptors. Lowe recommends a grouping step, which is
exactly what the grouping method developed in Chap. 8 does. Thus, this will also
be developed in the next chapter.

10.2 Shape Element Stability versus SIFT Stability

10.2.1 An Experimental Protocol

The standard requirement for a shape matching algorithm is its invariance with re-
spect to the classic image perturbations listed in Sect. 1.2, Chap. 1. In this section
we shall compare the stability of the shape elements obtained by LLD to the stability
of the SIFT descriptors. The most classical image perturbations will be considered:
blur, contrast changes, viewpoint changes, similarity transformations, JPEG com-
pression. The aim here is neither to compare the matching algorithms themselves,
nor to estimate the accuracy of the descriptors (similarity invariant' curve descriptor
for LLD or patch descriptor for SIFT). We just intend to control the stability of the
location of these descriptors when the perturbations are applied. A first step in this
experimental assessment is to define a common algorithm, so that it makes sense to
compare the two families of descriptors. Considering a reference image (image 1)
and five images (images 2 to 6) representing the same scene with some perturbation
(change of viewpoint, illumination, blur, etc) and considering that the homogra-
phies H; leading from image 1 to image ¢ are known, we propose the following
comparison protocol:

1. Extract descriptors from image 1 and image 1.
2. Compute the proportion p of descriptors of image 1 that match, after transfor-
mation by H;, with at least one descriptor of image .

! Affine invariant LLDs are not considered in this comparison chapter since SIFT descriptors are
just similarity invariant.
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A similarity invariant image descriptor consists of a 2D location, an angle and a
scale. When considering level line descriptors (LLDs), we take the two reference
points in the canonical frame (similarity invariant encoding, see Sect. 4.2) and com-
pute the magnitude, angle and midpoint of the segment joining them. SIFT descrip-
tors are already associated with a point (the key point), an angle and a scale, from
which a second point can be computed. The midpoint between these two points is
used to indicate the 2D location of the descriptor.

Two descriptors are considered to match if their orientations, scales and midpoint
locations are similar, up to some allowed error. In the tests we permit up to 5 pixels
error in location, 80% change in scale and 30° angular variation. It is realistic to
take such large thresholds, because the transformations between natural images are
far from being perfect similarities and actually always have some affine distortion.

In order to prevent the possibility of counting several matches between the im-
ages corresponding to approximately the same spatial region, similar descriptors
in image 1 (the ones that match according to the criteria specified above) are first
grouped together. Therefore, p is actually the proportion of groups of descriptors in
image 1 that find some match in image <.

Six experiments were led to test several invariance requirements. The test images
are shown in Sect. 10.2.2 (let us recall that image 1 is the reference image), and the
proportion p of descriptors which are retrieved is plotted in a graph.

Let us remark that if the descriptor extraction is robust and if both images have a
similar spatial content, a high value of p must be expected. On the contrary, if this
proportion is very low, any matching algorithm will fail, simply because the sought
descriptors have not been extracted in the other image.

10.2.2 Experiments

The database used in this section comes from (see e.g. [121]):
http://www.robots.ox.ac.uk/“vgg/research/affine/index.html.

Each image comes with a homography matrix that permits to register each image
from number 2 to number 6 to the first image of the series. (In Computer Vision, a
planar homography is interpreted as a mapping between a point on a ground plane
as seen from one camera, to the same point on the ground plane as seen from a
second camera.) Extraction and matching of SIFT descriptors was performed by
using Lowe’s software from http://www.cs.ubc.ca/lowe/keypoints/

10.2.2.1 Testing Robustness to Blur

Figure 10.4 displays a set of images obtained by an increasing real defocus of the
camera. The results in Fig. 10.5-left show that SIFT descriptors behave better than
LLD descriptors in the presence of blur. The reason is that SIFT key points are
obtained as the result of a blurring process (which produces the scale-space). Indeed,
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the SIFT method actually simulates the physical blur at several scales, thus making
the shape recognition, to some extent, blur invariant. On the contrary, level lines are
highly perturbed by the blur and therefore LLDs greatly differ between the images.

Results for LLD can be improved by paralleling the SIFT method, namely by
computing the LLDs for image 1 after applying a Gaussian blur with increasing
variance (see Fig. 10.5-right).

Fig. 10.4 Images obtained by an increasing real defocus of the camera. Row 1: images 1 and 2.
Row 2: images 3 and 4. Row 3: images 5 and 6

10.2.2.2 Testing Robustness to Zoom and Rotation Change

The deformation between images taken from a similar view point is mainly due to
the zoom factor and the rotation of the camera around its optical axis. See Fig. 10.6.
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SIFT vs. LLD, image 1 to image i SIFT vs. LLD, image 1 (blurred) to image i
100 100
SIFT —a&—
80 LLD o=10 —&—
80 LLD =20 —&— 1

LLD 6=30 —%—

Proportion of retrieved elements
Proportion of retrieved elements

Fig. 10.5 Testing robustness to blur. Left: proportion of retrieved elements from image 1 to image
1. Right: proportion of retrieved elements from image 1 + increasing Gaussian blur to image ¢

The results with both methods are quite similar (see Fig. 10.7), with a small advan-
tage to LLD.

10.2.2.3 Testing Robustness to Viewpoint Change

The next experiment consists in retrieving the same graffiti from different view-
points. Let us note that a strong perspective distortion can be seen in image 6
(Fig. 10.8).

The results here are slightly in favor of LLD (see Fig. 10.9). However, under strong
perspective deformation none of the methods is able to produce good results.

10.2.2.4 Testing Robustness to Non-Linear Contrast Change

Simulating changes in illumination or in the non linear response of the CCDs, non-
linear contrast changes and contrast inversions have been applied to a reference
image, as can be seen in Fig. 10.10.

Results in Fig. 10.11 show that both methods are quite robust to contrast changes
(somehow surprisingly SIFT descriptors are better than LLDs in one case). As ex-
pected, the SIFT robustness is very poor with respect to contrast inversion. The
very few matches occur where descriptors with opposite direction and a similar
scale have been extracted. As expected, LLDs behave very well since they are in-
deed designed to be robust with respect to any kind of contrast change and contrast
inversion.
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Fig. 10.6 Images undergoing different changes in rotation and scale. Row 1: images 1 and 2. Row
2: images 3 and 4. Row 3: images 5 and 6

10.2.2.5 Testing Robustness to JPEG Compression

In this experiment, the parameter of interest is the JPEG compression rate, which
increases from image 1 to 6 (see Fig. 10.12).

LLD behaves poorly when compared to SIFT (see Fig. 10.13). The block effect
destroys level lines because if the compression rate is too strong, level lines mostly
follow blocks. This problem actually is, like the invariance to zooms, easily fixed by
making the LLD method covariant to zooms. Indeed, with zooms applied the block
effects are highly attenuated.
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SIFT vs. LLD, image 1 to image i
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Proportion of retrieved elemenis
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Fig. 10.7 Testing robustness to zoom and rotation change. Proportion of retrieved elements from
image 1 to image ¢

10.2.2.6 Testing Robustness to Noise

In the next experiment images 2, 3, 4, 5 and 6 have been obtained by adding to
image 1 increasing amounts of Gaussian noise (10, 20, 30, 40 and 50 standard devi-
ation, respectively, see Fig. 10.14).

Here again SIFT descriptors outperform LLD (see Fig. 10.15-left). The reason
is that noise destroys the level lines structure of an image and therefore alters its
LLDs. On the contrary, Gaussian convolution reduces noise and SIFT descriptors
are better preserved. As has been commented in Sect. 10.2.2.1, the use of a scale-
space strategy in combination with LLD extraction brings back the performance of
LLD to the level of SIFT (see Fig. 10.15-right).

10.2.3 Some Conclusions Concerning Stability

Although every comparison protocol is a questionable point, lessons can be learned
from the preceding experiments and corresponding figures. We have compared two
very different extraction procedures for shape elements, one based on level lines
(LLD) and the other one on points of interest (SIFT). Both extraction algorithms
exhibit a similar robustness with respect to contrast changes, similarities and weak
viewpoint changes. LLD is unable to resist blur, JPEG compression and noise since
they imply changes in the image geometry, while the blur invariant nature of SIFT
key points (as stable points in the scale-space) descriptors makes them specially
adapted to these kinds of perturbations. However, it has been shown that the use
of a scale-space strategy dramatically increases the LLD performance. The main
weakness of SIFT descriptors is their intrinsic modest robustness to strong similar-
ities and viewpoint changes. On the contrary, LLDs can be made robust to affine
transformations (see Chap. 6) which are local approximations to true perspective
transformations.
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Fig. 10.8 Snapshots of the same graffiti from different viewing positions. Row 1: images 1 and 2.
Row 2: images 3 and 4. Row 3: images 5 and 6

10.3 SIFT Descriptors Matching versus LLD A Contrario
Matching

The previous section was about the descriptor repeatability and stability under sev-
eral perturbations. In this section we compare the matching results of SIFT and
LLD.

The LLD matching strategy has been extensively described in previous chapters
and is mainly based on the use of a contrario techniques both for matching individ-

ual shapes and for grouping together matches contributing to similar homographies
between the compared images.
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SIFT vs, LLD, image 1to image i
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60 4.

Proportion of retrieved elements
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Fig. 10.9 Testing robustness to viewpoint change. Proportion of retrieved elements from image 1
to image 4

Fig. 10.10 The same image after different contrast changes and contrast inversion. Row 1: im-
ages 1 and 2. Row 2: images 3 and 4. Row 3: images 5 and 6
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SIFT vs. LLD, image 1 to image ¢

SIFT ——
LLD ——

Proportion of retrieved elements

2 3 4 5 8
Image i

Fig. 10.11 Testing robustness to non-linear contrast change. Proportion of retrieved elements from
image 1 to image ¢

In its simpler version, the SIFT matching is based on the following algorithm
proposed by Lowe in [114]: A SIFT descriptor from the first image is matched with
its nearest neighbor in the second one, provided the ratio of the distances between
the nearest and the second nearest neighbor is below some threshold (this latest
condition should reinforce the confidence, making this matching algorithm more
stable than simply thresholding the distances). The lower the threshold is, the more
reliable the matches should be. Despite this, one can observe in the experiments
(see next section) that false matches are mixed with good matches, even with a
decreased threshold (see [120] where this analysis is systematically led with several
descriptors). This is not surprising since the ratio for SIFT is purely empirical and
does not follow, as it should, from a probabilistic analysis. Some statistically rare
descriptors would deserve a relaxed threshold, while more care should be taken
with common descriptors. In order to get rid of the false matches mixed with good
matches, a postprocessing based on the Generalized Hough Transform could be used
(as proposed in [114]). However, voting thresholds and bin sizes are also touchy
parameters that can introduce either false positives or wrong detections. For these
reasons in our tests we have not used this postprocessing.

10.3.1 Measuring Matching Performance

Two magnitudes have been defined to quantify the quality of the matching between
two images. First, if the homography between both images is known, we define the
matching efficiency as the ratio between the number of correct matches and the total
number of matches. A match between two pairs of descriptors is said to be correct
if, after applying the known homography to the first element of the pair, the distance
to the second element is small (in our tests, smaller than 5 pixels). In the case of
SIFT, we use as matching elements the key points, and in LLD we use one of the
points of the local reference frame of the shape.
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Fig. 10.12 The same image with different JPEG compression rates. Row 1: images 1 and 2. Row 2:
images 3 and 4. Row 3: images 5 and 6

Second, the matching area is the proportion domain of the first image that has
a correct match in the second image. This is easy to compute when using SIFT,
since each descriptor is associated to an image patch. However, LLD gives matches
between pieces of level lines, not between bi-dimensional portions of the images.
Thus, in order to compare both kinds of matches we have divided the domain of the
first image into small squares with fixed size (50 x 50 pixels in our tests) and we
consider that one of these squares has a match in the second image if it contains at
least one correct matching element (key point for SIFT or piece of matched level line
for LLD). The ratio between the number of matched squares and the total number
of squares in the image is what we call area of the matching.
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SIFT vs. LLD, image 1 to image i
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Fig. 10.13 Testing robustness to JPEG compression. Proportion of retrieved elements from im-
age 1 to image ¢

Fig. 10.14 Images with increasing levels of white Gaussian noise. Row 1: images 1 and 2. Row 2:
images 3 and 4. Row 3: images 5 and 6
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SIFT vs. LLD, image 1 to image i SIFT vs. LLD, image 1 (blurred) to image
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Fig. 10.15 Testing robustness to noise. Left: proportion of retrieved elements from image 1 to
image 7. Right: proportion of retrieved elements from image 1 + increasing Gaussian blur to image ¢

10.3.2 Experiments

10.3.2.1 Blur

We compared by SIFT and LLD the images in Fig. 10.4. Observe (Fig. 10.17) that
the efficiency of both methods is high but that SIFT outperforms LLD in terms of
matching area (see Fig.10.16). If we apply a blur to the first image, as suggested in
section 10.2.2, matching results improve significantly for LLD (Fig. 10.17).

Fig. 10.16 Left: SIFT matching (white points correct matches, black points wrong matches).
Right: LLD matching. The density of correctly matched SIFT descriptors is remarkable
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Fig. 10.17 Performance of matching with blur, between image 1 and image . Left: matching
efficiency. Right: matching area

10.3.2.2 Zoom and Rotation

We compare the images in Fig. 10.6. The results in Fig. 10.19 show that LLD
and SIFT have similar performances under rotation changes. LLD performance de-
creases abruptly under strong scale changes (see Fig. 10.18).

10.3.2.3 Changing the Viewpoint

We compare the images in Fig. 10.8. First we use the similarity invariant encoding.
The results in Fig. 10.22 show that SIFT, even if it is not, by design, affine invariant,
is able to cope with affine deformations better than LLD in its similarity invari-
ant version (see Fig. 10.20). Instead, LLD results are better when using the affine
invariant version of the algorithm (see Fig. 10.21).

10.3.2.4 Stroboscopic Effect

The following figures display one of the main problems of the matching strategy
for SIFT: it is unable to detect several instances of the same object (see Fig. 10.23
and 10.24). LLD is able to find as many groups of matches as instances of the same
object are present in the image (see Fig. 10.25, 10.26, 10.27).

In the next chapter we will discuss some simple modifications of SIFT that enable
the detection of several instances of the same object.
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Fig. 10.18 Left: SIFT matching (white points correct matches, black points wrong matches).

Right: LLD matching. Top: image 1; bottom: image 2
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Fig. 10.19 Performance of matching with zoom and rotation, between image 1 and image 7. Left:
matching efficiency. Right: matching area
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Fig. 10.20 Left: SIFT matching. Each circle represents a SIFT key point which got a match. The
radius is the scale of the key point. White circles represent correct matches, black circles represent
wrong matches. Right: LLD matching. Top: image 1; bottom: image 4

Fig. 10.21 LLD affine invariant matching. Left: image 1. Right: image 4
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Fig. 10.22 Performance of matching with change in viewing position, between image 1 and im-
age ¢. Left: matching efficiency. Right: matching area

Fig. 10.24 SIFT matching. Left: from image 1 to image 2. Right: from image 2 to image 1
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Fig. 10.25 LLD matching (first maximal meaningful group)

Fig. 10.26 LLD matching (second maximal meaningful group)

Fig. 10.27 LLD matching (third maximal meaningful group)
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10.4 Conclusion

We have confirmed experimentally what could have been anticipated from the meth-
ods. SIFT, which simulates blur at various scales, is much more robust in presence
of blur and noise. In order to put LLD at the same level, several blurs of the query
images or shapes must be performed before LLD is applied to each one of them.
Under weak viewing deformations SIFT also performs better than LLD in terms
of matching area, since SIFT descriptors are more dense than LLD shapes. LLD is
instead obviously more robust to strong affine deformations.

As expected, since it attempts to make accurate rejection thresholds, the effi-
ciency of LLD is in general higher than SIFT in terms of rejection of wrong matches.
The next chapter will consider the fusion of both methods, trying to take from each
method what it is best for.

10.5 Bibliographic Notes

10.5.1 Interest Points of an Image

SIFT interest points (the key points) are obtained as the maxima of the Laplacian of
the image (approximated by a difference of Gaussians) through a Gaussian pyramid.
Many variations exist on the computation of interest points, following the pioneering
work of Harris and Stephens [80]. In particular, recent methods are affine invariant.
In [122], an overview and a comparison between the main affine invariant region de-
tectors is presented. One of the conclusions is that no method really outperforms all
the other ones, although the highest score is obtained by the MSER detector [118].

10.5.2 Local Descriptors

SIFT descriptors are basically local histograms of the gradient direction, weighted
by the gradient norm, in the vicinity of the key point. These histograms are invari-
ant to rotations of the image domain and thresholding and normalization of image
gradients is used in order to achieve some invariance to illumination changes. In
the recent years, several other local descriptors have been proposed, incorporating
further invariance to changes in viewing conditions. In particular, MSER [118] uses
moment invariants to describe the vicinity of the interest points. This approach was
also used by Monasse in [133]. A recent paper [120] aims at comparing the differ-
ent descriptors. Performance is evaluated by examining the so-called ROC curves
plotting the number of false positive detections as a function of false negative detec-
tions. While on one of the methods, the gradient location and orientation histograms
(GLOH [120]) seems slightly better than the other ones, the difference (in particu-



208 10 The SIFT Method

lar with SIFT) is not that large. Let us remark that there are two ways to achieve
geometrical invariance: either descriptors are computed in invariant regions, or they
have a group invariance by themselves. For instance, in [19], skew and stretch are
corrected in the neighborhood computation. An affine contrast change is first ap-
plied. Then, descriptors are rotation invariant gray level moments.

10.5.3 Matching and Grouping

The matching phase relies on the distance between descriptors. A distance that is
commonly used between descriptors is the Mahalanobis distance. It is basically a L?
norm in an orthogonal basis (not orthonormal) where coordinates may be assumed
uncorrelated. The implicit assumption is that distribution of descriptors is Gaussian,
and there is no reason why this would be true. Moreover, the values of this distance
have no absolute meaning: it merely allows to rank match candidates. Hence, simple
procedures, such as the thresholding of ratios between the best and second best
matches in SIFT, are usually used. MSER [118] uses a voting procedure over the
nearest measurements comparing a set of invariants that form the descriptors. In
the next chapter some improvements on the SIFT descriptors definition and on the
matching step are proposed, based on a contrario techniques.

The use of a grouping step improves the matching results. In SIFT, a Hough
transform procedure [14] is proposed, but other methods [157] use greedy proce-
dures based on RANSAC [64]. The clustering method proposed in Chap. 8 and 9
can also be used to group the matching results, as shown in the next chapter.



Chapter 11
Securing SIFT with A Contrario Techniques

Abstract In the previous chapter two shortcomings of Lowe’s SIFT algorithm have
been pointed out, namely its low matching efficiency (ratio between the number of
correct matches and the total number of matches) and its inability to match several
instances of the same object. The grouping stage of the method also is widely em-
pirical and requires some fix.

In this chapter we shall examine three easy improvements of the SIFT method, all
based on the a contrario techniques developed in the present book. They permit to
treat all raised issues. The first one (Sect. 11.1) is the direct application of the the-
ory for a contrario grouping of transformations developed in Chap. 8. The second
one (Sect. 11.2) is the use of a background model for SIFT matches which prevents
the elimination of multiple matches. Finally Sect. 11.4 yields an efficient a con-
trario technique computing a NFA for each SIFT match. In summary, the aim is to
demonstrate that the whole SIFT algorithm can be secured and associated realistic
NFAs, as we did in Chap. 5 and 8 for the LLD method.

11.1 A Contrario Clustering of SIFT Matches

The problem of matching efficiency of the SIFT algorithm was already remarked
in [114] by D. Lowe. He proposed to address this problem by a generalized Hough
transform, in order to identify subsets of matching key points that also agree on
location, scale, and orientation. Quoting Lowe:

The correct matches can be filtered from the full set of matches by identifying subsets of
keypoints that agree on the object and its location, scale, and orientation in the new im-
age. The probability that several features will agree on these parameters by chance is much
lower than the probability that any individual feature match will be in error. The determi-
nation of these consistent clusters can be performed rapidly by using an efficient hash table
implementation of the generalized Hough transform. Each cluster of 3 or more features
that agree on an object and its pose is then subject to further detailed verification. First,
a least-squared estimate is made for an affine approximation to the object pose. Any other
image features consistent with this pose are identified, and outliers are discarded. Finally,

F. Cao et al., A Theory of Shape Identification. Lecture Notes in Mathematics 1948. 209
(© Springer-Verlag Berlin Heidelberg 2008
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a detailed computation is made of the probability that a particular set of features indicates
the presence of an object, given the accuracy of fit and number of probable false matches.
Object matches that pass all these tests can be identified as correct with high confidence.

In this section we propose to develop this technique and to replace the Hough
transform by a clustering step identical to the one described in Chap. 8 and 9.

The location, scale and orientation of each one of the SIFT matching pairs can
be represented as a point in the space of similarity transformations. These points
can be grouped together using the technique of Chap. 8. The resulting meaningful
clusters correspond to sets of spatially coherent matches. Matches not belonging to
any meaningful cluster are rejected as wrong.

The following images illustrate the use of this clustering technique. In Fig. 11.2
the clustering method has been applied to a pair already shown in the previous chap-
ter. Each circle represents a SIFT key point that got a match. As usual, the radius
represents the scale of the key point. White circles represent correct matches, black
circles represent wrong matches. The results for the original SIFT method are shown
on the left part of the image. On the right side, the new results using the clustering
technique are shown. The most meaningful cluster is displayed and the key points of
the SIFT descriptors contributing to the cluster are shown in white. The efficiency
of the matching procedure increases from 37.9% to 67.8%. Notice that efficiency
did not reach 100% because some imprecise (though not completely incoherent)
matches were included in the maximal meaningful cluster. For all of them, the lo-
cation and scale are quite close to the one expected according to the underlying
homography, this explains why these matches were included in the cluster.

The second figure (Fig. 11.1) compares the results of the original SIFT algo-
rithm (left) and those obtained after clustering (right). As can be observed, the final
number of matches decreases but the efficiency increases significantly (from 82.1%
to 100%).

In the next figures we show an example with several clusters of matches.
Figure 11.3 displays the result of the comparison of two of the images displayed
in the previous chapter (Fig. 10.8). Observe that some of the matches are wrong.
After applying the clustering step two clusters of matches are found (see Fig. 11.4).
All of the matches in these clusters are correct.

11.2 Using a Background Model for SIFT

The matching algorithm for SIFT used in the previous chapter consists in selecting
the matches by thresholding the ratio between the distance from the query match
to the first closest database match and the distance from the query match to the
second closest one. This ensures the selected matches to be clearly separated from
the clutter. The best threshold was determined empirically by Lowe by making a
statistics on 40,000 key points:
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Fig. 11.1 Left: SIFT matching (the radius represents the scale of the key point; white circles rep-
resent correct matches, black circles represent wrong matches). Right: SIFT matching followed by
a contrario clustering (white circles mark the key points belonging to the cluster, all of them are
correct matches). Top: image 1; bottom, image 4

The probability that a match is correct can be determined by taking the ratio of distance
from the closest neighbor to the distance of the second closest. Using a database of 40,000
keypoints (...).

Actually it is clear that this empirical probability is not given by a model. Another
obvious drawback is that no repeated match can be detected.

A very simple way to overcome this last drawback consists in using a third image
as background model for learning the rejection thresholds. Here we are applying the
very same SIFT method, but we just notice that any image can be used as back-
ground model (the one we have used in our tests is shown in Fig. 11.5). The match-
ing procedure simply consists in selecting the matches by thresholding the ratio
between the distance from the query match to the database match and the distance
from the query match to the closest match in the background model. As a conse-
quence of this modification several new matches have been detected and, in partic-
ular, several instances of the same object have now been detected (see Figs. 11.6
and 11.7).
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Fig. 11.2 Left: SIFT matching (the radius represents the scale of the key point; white circles rep-
resent correct matches, black circles represent wrong matches). Right: SIFT matching followed by
a contrario clustering. Top: image 1; bottom: image 5

Fig. 11.3 SIFT matching between top and bottom images
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Fig. 11.4 SIFT matching between top image (query) and bottom image (database), followed by a
contrario clustering. Two maximal meaningful clusters were detected

Fig. 11.5 Image used as background model for the rejection thresholds of matches

Fig. 11.6 Left: original SIFT matching result. Since the same shapes occur twice in the bottom
image, the standard SIFT threshold procedure eliminates almost all matches. Right: result when
using a background model. Top: query image; bottom: database image. The wrong matches can be
eliminated by clustering in the transformations’ space, as illustrated in the next figure 11.7
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Fig. 11.7 SIFT matching between the top image (query) and the bottom image (database), with
background model thresholding, followed by a contrario clustering. Two maximal meaningful
groups were detected

11.3 Meaningful SIFT Matching

The SIFT algorithm is based on the use of a set of descriptors for each key point
detected in the image scale-space. Descriptors proposed in [114] are based on local
histograms of gradient directions. Matching these descriptors involves a threshold
computed empirically from the images themselves. In order to make the method
more robust, this threshold should be derived from statistical arguments. In this sec-
tion, we intend to do so, by deriving the matching threshold following an a contrario
approach. We shall propose a new SIFT descriptor for which an automatic matching
strategy similar to the one presented in Chap. 5 can be applied. The new SIFT algo-
rithm exhibits high matching efficiency and is able to detect several instances of the
same object. And again, the clustering step proposed in Sect. 11.1 can be applied to
further improve the results.

11.3.1 Normalization

Exactly the same key points as in [114] will be used in the proposed algorithm.
We gave some details on the procedure to compute them in Sect. 10.1. Each key
point comes with a position, but also with its scale and an orientation (which is
one of the dominant gradient directions in the vicinity of the point). Hence it is
characterized by an element (z, s, ¢) € R? x Ry x (=, 7). There are usually a few
hundreds key points in a 512 x 512 image. Even though a very simple interpolation
procedure attempts to refine the position of the key points, Lowe estimates that the
position error is of the magnitude of the scale of the interest point, the error on the
orientation is £15°, and the scale is determined up to a \/2 factor. It turns out that
the accuracy is often much better than that, thus permitting a fair enough registration
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of the images. A pair of interest points (x, s, ) and (y, ¢, ) in two images defines
a unique similarity (four scalar parameters). This similarity writes

F(§) = 2R+ b,

where z = %, R is the plane 1) — ¢ rotation, and b = y — zRx. Let us assume
that w is a gray level image and that v is obtained by applying the similarity F' to u
followed by a contrast change g (we recall that contrast changes are modeled by an
increasing function ¢ : R — R). Thus, v(x) = g(u(zRx + b)) = g(u(F(x))). An
elementary calculation shows that

Dv(F(x)) = ¢'(u)zDu(F(z))R, (11.1)

meaning that the gradient of u has simply been rotated by the rotation R~! and
multiplied by a positive number. Therefore the direction of the gradient of v at point
F(x) is obtained by rotating the direction of the gradient of u at x.

11.3.2 Matching

Let us assume that « and v are two images, or pieces of images, of the same size
belonging respectively to a set of images Q (for query) and B (for base). Let us
denote by Ng and Npg the cardinality of Q and 5. How to compare v and v and
to come to the robust decision that they are similar? A similarity measure is often
defined as a distance between descriptors. The comparison relies on the following
fact: two images differing by a contrast change have the same gradient direction. On
the contrary, if u and v are not related, then so are the directions of their gradient.
In this case, it is sound to assume a contrario that the difference of these directions
(in absolute value) is a uniform random variable in (0, 7), and independent of the
values taken at remote enough points.

The a contrario approach consists in deciding that two images are actually sim-
ilar when their observed similarity could not occur just by chance. More precisely,
we have to check if the gradients of v and v are much more often aligned than the
a contrario model can allow. For any point x, let us denote by D(x) the difference
of the directions of Du(z) and Dv(z). It is a number in the interval (0, 7), defined
if both Du(x) and Dv(z) are nonzero. In order to avoid quantization effects on the
gradient direction, only points where the gradient norm is larger than 7 > 0 can be
considered. In practice, 7 = 5.

Let x4, ..., zp7, be M points in the image domain of u. The way they are cho-
sen will be the object of a further careful analysis. Let us consider the following a
contrario hypothesis.

Ho: the M values (D(x;))1<i<m are i.i.d., uniform in (0, 7).

Again, this hypothesis is clearly false if the images are similar. Our purpose is
precisely to adequately reject this hypothesis. Let o € (0,7), and ¢, = <. The
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probability, under Hy, that at least £ among the M values {D(z1),... D(xp)} are
less than « is given by the tail of the binomial law

M
B(M,k,qo) = (124) g (1= ga)™ 7. (11.2)

Jj=k

Otherwise said, B(M, k, g, ) is the probability that the directions of Du and Dwv
coincide at (at least) k& points out of M, by chance. If for two images u and v, we
indeed observe k such points and if B(M,k, ¢,) happens to be very small, then
chance is certainly not a good explanation. Let us note, however, that if the image
sets Q and B are very large, then such an observation may indeed be casual. The
fact that an observation should be considered as surprising (or not) depends on the
size of the database. This leads us to the following definition, which follows the
Desolneux et al. method [50]. For a detailed account, we refer to the book [54].

Definition 19. Let 0 < oy < ... < o < 7 be L values in [0, 7. For any (u,v) €
Q x B, we call number of false alarms of (u, v) the quantity

NFA(u,v) = No - Ng - L- min B(M, ki, qa,), (11.3)

S

where k; is the cardinality of
{4, 1<5 < M, D(x;) < o}
We say that (u, v) is e-meaningful, or that u and v are e-similar if NFA (u,v) < e.

Since numbers of false alarms can be very small, the logarithmic scale is more intu-
itive and we call meaningfulness of (u, v) the value M (u, v) = —log,,(NFA (u, v)).

The interpretation of this definition will be made clear after stating the following
proposition. We put its proof for a sake of completeness, but it it just a variant of the
other meaningfulness propositions in the present book, in particular Props. 8 and 10.

Proposition 12. For two image sets Q and B such that H holds, the expected num-
ber of e-meaningful pairs is less than or equal to .

Proof. For all i, let us denote by K; the random number of points among the x;
such that D(z;) is less than ¢;. For any v, (u, v) is e-meaningful, if there is at least
1<i< Lsuchthat No - Ng- L B(M, K;,qa,) < €. Let us denote by E(u,v,1)
this event. Its probability Py, (E(u,v,1)) satisfies

€

Py, (B ) L ————.
HO( (U7U7Z)) L NQNB

Indeed, for any real random variable X with survival function H(x) = Pr(X > z),
it is a classical fact that Pr(H(X) < z) < x. By applying this result to K;, we
get the upper bound on Py, (E(u,v,%)). The event E(u,v) defined by “(u,v) is
e-meaningful” is E(u,v) = Uigi<rF(u,v,1). Let us denote by Es, the mathe-
matical expectation under Hg. Then
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E, Z 1gw | = Z Erto (1p(u0)

ueQ,veB ueQ,veB

< E Py, (E(u,v,1))
ueQ,veB
1<i<L

€
< E — — . O
~
weoien LNgNg
1<i<L

Remark that if Q and B are white noise images, then H, trivially holds. For two
such bases, any detection is a false alarm. Indeed, it is a priori known that the images
are unrelated, which does not mean that they have nothing in common. The number
of false alarm quantifies what has to be accepted as a casual similarity. Hence, by
setting ¢ = 1, one (false) detection may be observed on average in databases of
noise images. Obviously, this still holds if only one of the images v and v is made
of noise. It actually turns out that H is reasonable if the sample points 1, ..., Tps
are carefully chosen, as discussed in Sect. 11.3.3.

Thus, Def. 19 together with Prop. 12 mean that there are, on average, less than
pairs of images (u, v) in @ x 3 that match by chance, that is to say, when H holds.
Under this hypothesis, any detection must be considered as a false alarm (hence
the denomination of NFA). Thus, it is chosen to eliminate any observation having a
frequency of the order of ¢ in the a contrario model.

The values ¢, are simply quantization steps and are known a priori. Hence, it is
possible to tabulate the values of the binomial law once and for all, and to rapidly
compute the number of false alarms. It is possible to figure out the behavior of the
NFA with respect to the parameters, thanks to the following asymptotic expansion,
first proved by Hoeffding (for more details, see the original article [84] and the
textbook [54]).

T

Proposition 13. Let H(r,p) = rIn3 + (1 —r)In L=t be the relative entropy of

two Bernoulli laws with parameters v and p. Then, for k > Mp,

B(M, k,p) < exp (—M~H<J\Ii[,p>>. (11.4)

This inequality leads to the following sufficient condition of meaningfulness.

Corollary 2. If

ki 1 LNgNp
1r£la<XL H (M’q‘“) > Mln E— (11.5)
kizMqa,

the pair (u,v) is e-meaningful.

In this corollary, it appears clearly that the value of & such that (u, v) is e-meaningful
only depends on the logarithm of L, Ng, Np and e. In practice, we choose L
about 10 which is compatible with our perceptual accuracy of directions. We also
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take ¢ = 1 since it means that we have on average less than 1 false detection. But,
as we shall see, really similar images have much smaller NFA and the choice of €
is not really important. Thus, in all experiments, we always set ¢ = 1, and we can
therefore claim that the decision threshold is automatically derived. The asymptotic
estimate given by Hoeffding’s inequality [84] also shows the conditions to obtain a
small number of false alarms. If M is fixed, then the NFA is a decreasing function
of the proportion of coincidental direction ﬁ If the proportion is assumed to be
fixed, then the number of false alarms is exponentially (thus very fast) decreasing
with respect to the number of samples M.

11.3.3 Choosing Sample Points

The computation of the number of false alarms is made under the assumption H,.
Thus, we assume u and v to be independent randomly chosen images. But we also
assume that the fact that Du(x) and Dv(x) are collinear is independent from the
fact that Du(y) and Dv(y) are collinear at some other pixel y.

We must make this assumption realistic. There are two reasons for being careful.
The first one is that if = and y are too close to each other, then Du(z) and Du(y)
can be correlated. Thus, we must take pixels at a critical minimal distance to ensure
independence of their gradients. Since the gradient is computed by a 2 x 2 finite
difference scheme, sample points must be at least two pixels afar, in the original
images. This has to be corrected by the scaling introduced by the normalization. If
for instance, u has to be zoomed in by a factor 4 before comparison with v, then the
minimal distance between two samples in the resulting image is 2 x 4 = 8.

The second issue for ensuring independence of observations is what we shall call
the alignment problem. Images contain shapes, whose boundary are often piecewise
smooth curves, that can locally be approximated by straight lines. The orientations
of the gradient at two points on an alignment are the same, and cannot be assumed
independent, even though the points may be far from each other. Hence sample
points must be chosen sparse enough to minimize the probability that they fall on
an edge which is common to both u and v. This obviously puts strong limits on the
number of samples that may be drawn. In [32], calculations showed that the number
of samples that are necessary to attain very low numbers of false alarms (yielding
detection) is about 100, with reasonable noise conditions. When globally comparing
two images, drawing about 100 samples yields very good results with a number of
false detections which is conform to the prediction.

When dealing with image patches, the results may be less satisfactory. Indeed,
patches result from a normalization procedure. Two parts of images basically con-
taining an edge lead to two normalized patches that are very similar, and aligned
with the edge direction. Moreover, if points are uniformly sampled over the sets of
pixels with a large enough gradient, the gradient direction difference will be small
with a high probability, since all the samples are very likely to belong to the (single)
edge. Hence, the number of false alarms will be small. The patches are very similar
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indeed, and the detection is not a false alarm to this respect. However, it is not very
informative. This problem is analog to the aperture problem in the estimation of
optical flow: edges are locally indistinguishable.

This implies that the comparison of gradient directions is sensible only if the
images are complex enough. An easy way to check this is to impose to draw samples
in u and v such that the gradient direction in u (for instance) is close to uniform
over the sample points. This way, samples are constrained not to lie on the same
alignment and to restore some of the complexity of the images. These considerations
lead us to the sampling algorithm described in the next section.

11.4 The Detection Algorithm

For two images I; and I, compute their interest points (2, S;, ¢;), (y;, 5, 1;). With
no loss of generality, assume that t; > s; (else reverse the role of I; and I>). Let
be the similarity F'(z) = 2Rz + b mapping (z;, $;, ;) on (y;,t;,1;), where z > 0,
R is a plane rotation, and b € R?, are uniquely determined. Define two normalized
images u and v. The image v is obtained by cropping /5 in a patch P around y;.
The image u is simply I; o F~!, also restricted to P.

Let us quantize the direction of Dv in (0,27) on 2N values. Sample points
are then chosen by the following recursion. Let us consider z; € R? such that
|Du(z1)| > 7 and |Dv(x1)| > 7. Assume that n points have been sampled. Then,
an -+ 1th point x,, 1 is chosen such that

o |Du(zps1)| > 7and |[Do(xyq1)| > 7.
e Foreach k, 0 < k < 2N, the number of points of {1, ..., 2,11} such that the

kr M) is less than 1 4 .

direction of Dv belongs to the interval ( NN

This simply means that the repartition of the sample points is required to stay es-
sentially uniform. This is not always possible. If the histogram of directions in v
is unimodal, then no long sequence will fit the condition. As a consequence, if K
points are tested, then they may lead to a set of sample points containing much
less than K points. Let M be this number of points. The number of false alarms
between u and v is then computed by using Def. 19. Hence, the final number of
samples depends on the complexity of v. If v is essentially an edge, the sample se-
quence will be short and the number of false alarms will be large (since computed
on very few points). On the contrary, for complex images (for instance pure texture),
sample sequences will be long, thus leading to very small NFAs.

Let us remark that this peculiar sampling introduces a slight asymmetry in the
algorithm between w and v and that the algorithm would be strictly contrast invariant
only if 7 = 0. In practice, letting 7 = 5 removes gray level quantization effects
which can entail false detections [49].

Numerically, experiments were led with ' = 1000, and M is restricted to be less
than 300. This means that points are drawn according to the two conditions above.
The loop ends either when the total number of drawn points reaches K = 1000
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or when the number of admissible points reaches 300. In practice the number of
admissible points ranges from 50 to 300. When the patches present the alignment
problem, M is obviously small. In this case, numbers of false alarms are large, as
can be seen on the asymptotic development (11.4).

11.4.1 Experiments: Securing SIFT Detections

In the experiments, P is a square patch whose size is proportional to the key point
scale (a factor 25 is used).
In all the experiments, we observed the following facts:

e Right matches can be very meaningful (— log,,(NFA) ~ 30);

e on the contrary the wrong matches meaningfulness is close to 0. When it is not
the case, there is actually a strong geometrical similarity between the compared
patches.

Fig. 11.8 Multiple matches experiment

In the experiment of Fig. 11.8 and 11.9, there are several partial occurrences
of a logo. The usual procedure for matching SIFT descriptors (nearest neighbor,
then comparison with second nearest neighbor) is inefficient in this case. In this
experiment, 72 matches with an NFA less than 1 are detected. The best match has a
meaningfulness (i.e. —log;,(NFA)) equal to 25.4. Half the matches have NFA less
than 1073, and are of course correct.

That there can be meaningful but wrong matches is not only inevitable but se-
mantically sound. Fig. 11.12 shows such an example. Clearly the two matched SIFT
patches do not correspond to the same motorcycle. All the same both present a wheel
with the same orientation, taken from the same perspective and under the same light.
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Fig. 11.9 Matching groups in the images of Fig. 11.8. Each circle represents a SIFT key point
which got a match. The radius is twice the scale of the key point. The grouping procedure is the
same as in in Chap. 8
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Fig. 11.10 Best SIFT match between the images of Fig. 11.8. Its meaningfulness is 25.4. On the
left, the two registered patches. On the right figure, points where the gradient is not larger than 5 in
both patches are displayed in gray. When the gradient is large in both images and when directions
of the gradient coincide up to 40°, the pixel is plotted in white. It is plotted in black otherwise. Even
though the images are different, the registration provided by the key points is accurate enough and
yields a very meaningful match

Fig. 11.11 A false and meaningful SIFT match between the two patches displayed on the left. The
meaningfulness is 2.4. As can be seen, there are many white dots. Moreover, the orientation of the
gradient at these locations is clearly not unimodal and the detection is not due to the presence of a
single alignment

Under such circumstances, it is not only acceptable, but even desirable to make the
detection. This is clearly illustrated in Fig. 11.8 which displays many physically dif-
ferent but identical Coca Cola cans. Fig. 11.10 shows an excellent match between
two of them, taken from the same image. As we commented in Sect. 10.3.2.4 the
SIFT original threshold procedure discards such matches. However, they are obvi-
ously of high interest. The detection and grouping of similar shapes in the same
image is actually a fundamental gestalt [95]. However, some meaningful (but usu-
ally not very meaningful) casual matches can occur, which do not correspond to any
recurrence of the same shape. Fig. 11.11 shows such a match between two SIFT
patches, with 2.4 meaningfulness. Clearly the gradient orientations are very similar
in both patches at many pixels, and the patches are complex enough to make such a
coincidence an unlikely event. The overall explanation of such coincidence is given
by the Gestalt Theory, which points out the recurrence of standard shapes in most
images. Such shapes are called gestalts and include among others convex curves
and bars with constant width [95]. The fact that two different patches show a similar
arrangement of frequent shapes is therefore not unlikely. But this experiment proves
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that the a contrario model for patches similarity developed in this chapter is still a
bit too primitive.

Fig. 11.12 Stroboscopic effect due to similarity within a class of objects. The second image has
been obtained by a real defocus of the camera. On the bottom left, two patches that are very alike.
The meaningfulness of their SIFT match is 2.2. The gradient directions difference is less than 40°
at many locations (dots in white in the bottom patch). These patches do not come from exactly the
same object, but retrieving them cannot be considered as a false alarm. Original images courtesy
of the LEAR Team, INRIA

The next experiment shows matching and grouping results between two different
views of the church of Valbonne (Fig. 11.13). Because of parallax, two different
groups are detected, which is correct.
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Fig. 11.13 Two different views of Valbonne church. There are two groups, corresponding to two
different parts of the scene with different depths. In the first group, the largest meaningfulness is
30.8, in the second group, 2.7 because the resolution is lower in this part

11.5 Bibliographic Notes

Following [109, 139] the fact that some complex enough element recurs in two dif-
ferent images or even in the same can be taken as a basic definition of shape. Shapes
simply are parts of an image which can be recognized in another one. There have
been of course several attempts to measure the certainty of detected shape similar-
ities. Schmid et al. [158, 157] use statistics of the distance between descriptors to
recognize parts of objects of the same type, in a semi-supervised way. The grouping
of SIFT matches for attaining certainty was pointed out in Lowe [113] and more re-
cently in Cao et al. [33]. The grouping phase in [114, 157] is used a posteriori, both
to eliminate possible casual matches, and to reinforce the detection of right matches.
The novelty in [33] is the accurate computation of the number of false alarms as-
signed to a group. An alternative to the method described in Sect. 11.3 and 11.4 for
meaningful SIFT matching has been recently proposed in [150].



